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A. rEVlKO µtpoc; 'tWV OUVOP't'lOEWV 

1 . Tt ltµt:: (n)VOAO TlJl(J)V ,um; OllVO:PTflCJll<; r µt 
,n6io optoµou TO (T\)\'01.0 A; 

kUVOf.O nµci.Jv 'tTJ<; f 11.{;µe ro CJUVOl,O 71:0U f.X,Cl yta 
cr-roixeia tou ru; nµci; t11i; f ce 6),a ta x EA. Eivm 
0111.0.ot 

f (A) = {y I y = f'(x) yw KU1t0to xEA} 

To crovo),o nucov n1i; ouvcpmcnc f oro A cruµ�oAi- 
srnu us f(A). 

2. Tt )..tµe ypaqHK)l m1p6.aTUCJfl ,um; cruvap-r11- 
<rrtc; r us neoi.o opiouon TO ai>voi..o A; 

I I' H 

r JJU(j)llOl rrO.pClCJt0.011 TTJ(,; ft...{;µe 1:0 CJUVO),O tcov on- 
JU:[o,v Mtx, y) y1a ra oxolu 1crxuF.1 y = f'(x), 011- 
M<'>f) TO crovow rrov onusioiv: 

M(x, f(x)) µe xEA 

a) H ypaq>u,� ncpuorccn 1:rii; f cruµ�o),i�inm ou- 
viiOw.; us Cr. 
P) H ci;icrco011 y = f(x) errc1A.110cuw11116vo an6 re 
cni,u:ia TTJ<; C1• Exouevo»; ri y = f'(x) civet TJ e�i- 
otoon 1:11,; ypaq>tK�<; napacrtacrri,; n1i; r. 
y) Orov Sivsrm T] ypa<pLKT] nnpdcruon C, µ10.,; cu- 
vapt11cr11,; f. rots: 
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AnANTHrH 

6.�ova x 'x, TWV 1�uiµ6.1rov Tl],; Cr nou �pioKovtm 
KO.Tro cno rov of:,ova curov . 

3. Na xapa;t'tt T� ypaqHK� 1tapamaat:� i:rov Pa­ 
GtKrov euvuprneseov: 

a) H 7tOAUCOVUµlKT] cuvcprnon f(x) = ax + �­ 

Oi ypa<J)ucsc; napao16.cretc; rorv cuvcprncecov <pai­ 
vovtm crn ouvsxet.a. 

a) f(x) = ax+� 

P) f(x) = ax2, a i= 0 

y) f(x) = ax3, a::/: 0 

o) f(x) = f, a::/: O 

E) f(x) = /x, g(x) = � 

x 

x 

• To m::Mo opt­ 
oµou tl]c; f sivm 1"0 

OUV0/,0 A 'rQ)V TC­ 
1µl]µeVCOV TCO\I en­ 
ueioiv n,c; cf. 

A 

y 
• To cruvo),o T l.­ 

�A)! �ubv ·rr1c; f sivci ­ro 
<,1)VOAO f (A) TWV 
TeWyµeYWV T(l)V Ol]­ 
uskov n,c; Cr. 0 

• H Tl�lT] n,c; f C,'tO y 

x0EA slvat 1'] Te­ 
wyµsvri rou on­ f(x0)· 

uslou w�tiJc; Tilc; su­ 
!Mac; X = x0 xm 
Tile; Cr. 0 

o) 'OTCtv Sivsrui ri ypaqntj napaowori Cr µme; cu­ 
vcip­rrioric; f unopooue, miCJf]c;, vn axeouioouµc Km 
r«; ypa<J)mic; napaoTcim:ic; rorv ouvoprnoscov ­f 
Km I fl, 

y 

O x 
a<O 

x 

x 0 
a>O 

y) H noturovuµtK� cruv6.ptl]011 f'(x) = ox', a::/; 0. 

y 

• H yp<l(J)IKll nc­ 
pao­raori i:ric; I r I 
ano­reA£hat an6 re 
TµT] unru n,c; C, 7tOU 
ppioKOVt<lt navro 
<l7IO WV (l�OV<l x'x 
Kat coro re ou uue­ 
tptKa., coc; npo; tov 

+ H ypa<J)tK� na­ 
puo·w.011 TT]c; OU­ 
VClp'tl]Ol]c; ­f sivut 
ouµ�u::rptK� n,c; ypc­ 
<ptK�c; napcio­raori,; 
Tl']<; f, we; npoc; rov 
6l,ova x 'x, yiatl ceto­ 
1e1cehm arc6 re 011­ 
µda M'(x, ­f(x)) nou sivct cruµµerptKu rrov 
M(x, f'(xj] coc; npoc; tov a�ova xx. 



x 0 x 0 

lotOTTtTE� 
Ym:v0uµi�ouµc on: 
1. log,» = y = ar = x 
2. Iog,,a' = x K(ll a log,,x = x 
3. log.,a = I Km log, I = 0 
4. log,,(x,x2) ­ logx, + logx, 

S. log_,(::) = log,x, ­ log,x, 

6. log.x" = K Iog,x 
7. Av a> I, rore: 

log,x, < log,x, = x, < x2 

i,v<i> av O < a < I , tors: 
log,x, < log.x, = x1 > x2 

8. a' = e'1"", acpou a= e1"u 

lo l OTlJT t:; 
Y1teV0uµ�ou�1c on: 
• Av a > I, rote a '1 < a'' = x1 < x2• 

• Av O<a< I. rote a'1<a'' = x, >x2• 

y) H },oyap10µ1Kil cuvdpmon: 
f'(x) = log,x, 0 < a =I= 

y y 

Ymveu�til;ouµt OT\ oi ouvcprncsu; f'(x) = nux t..m 

f'(x) = ouvx ctvm m:p100tK� µc rrcpiooo T = :!;;.. 
evro Tl cuvopmon f'(x) = eox eivm rrcp1o&n,,i µc 
1tepiobo T = n. 

Jl) H tK0£nK1i cmvr1pT11<:nJ f(x) ­ a', 0 < a F I. 

x 

x 

a<O 

0 

x 

x 

y 

0 
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AnANTHIH 

+ f(x) = <JUVX 

+ I'(x) = f>(j>X 

+ I'(x ) = JWX 

o) H p1rn'1 (j\)VUPTil<nJ f ( x) = � . a =I= 0. x 

y\j_ �y 

a) OL TPLY(J)VtKe,; cruvapnicret:;: 

s) OL ouvcprnos«; f'(x) = /x' g(x) = v1x. 

4. Na xnpa.;tn: n; ypn<ptKt.; 1tnpn0To:cm.; -rw,, nn­ 
paKo:Tro <J'\)VUPT11Gtrov: 
n) f(x) = 11µx, f(x) = GUVX, f(x) = l:(j)X 
Jl) f(x) = <t', 0 < a =I= 1 
y) f(x) = log,,x, 0 < a =I= 1 



5. lion: M>o <n>vap't'1)<1t1s f Kat g Atyov­rat i<JtS; 
t\_MNTHIH 

t.uo ouvcprqcs«; f Kat g Myov.at icrsc; oruv: 
• txouv 1:0 iotO ns8io optouon A Kat 
• yta KaSe xEA tcrx_uet f(x) = g(x). 

6. Ilros opil;ouµe TO o0pou;µo, Tfl OUXq>OpO, TO yt­ 
VOµtVO Km TO 7tttAiKo 6i>o <1uvop­rq<1erov f Kat g; 

AnANTHIH 

Opil;ouµe we; aepotcrµa f + g, OUl<popu f ­ g, yt­ 
vousvo f g Kat 1tT]t­tKO f ouo covopmcecov f Kat 
g rn; ouvcpmce«; uc wnouc;: 

(f + g)(x) = f(x) + g(x), 

(f­ g)(x) = f(x) ­ g(x), 

(f g)(x) = f(x)g(x), ( f )ex) = !�� 
To m::oio opiouou rorv f + g, f ­ g Kat f· g sivcr 
11 ­roµ,i An B ­ru)v n:soi(i)v opiouou A Kat B trov 
ouvcpmcsov f Kat g CLV'Ctcrwixmc;, evro ro nsl>io 
opiouou ­rric; i slvct ro An B, e�mpouµtvrov ttov g 
ruicov rou x nou µri&cvil;ouv tov n:apovoµa,crTIJ g(x), 
brJMX<>i) to ouvoko: 

{ x I x EA Kat x E B, us g( x) :/: 0} 

7. Tt )J;µt <JUV9to­11 T11S <n.)Vllf)Tfl<J'llS f ue Tfl eu­ 
Vllf)Tl}<J11 g; 

AnANTHIH 

Av f, g eivm &uo ouvcprnceu; us n:eoio opicuou A, 
B avncnoixroc;, rors ovoµal;;owu:: cruv0ecn1 n1c; f us 
TTJV g, Kat TTJ cruµ�o,,ii;ouµs µs go f, TTJ ouvcprn­ 
on µe wno: 

(gof)(x) = g(f(x)) 

i:xo,,ia 
a) To ne&io opiouou ­rric; go f a,no­re,,eiwt a,n:6 611.a 
ro cr­ro1.xeia x rou n:e&iou optouou ­rric; f yw. w onoto 
ro f(x) avi)Ket oro nel>io opiouoo TT]<; g. t.11iuo11 
stvm ro cruvoAO: 

A,= {xEA I f(x)EB} 
Eivm qxrvspo on 11 go f opH;,e­rm av A1 :/: 0, &ri­ 
11.a011 av f(A)nB / 0. 

ji) • I'svncc ClV f, g stvrn bt>O CJUVCtpTI)Ollt<; Kat 
op[l;ovrm Ot g Of Kat fog, rors autec; Ssv etvoi 
U1tOX,PeWTtK<l iosc. 

• Av f, g Kat h sivm rpsu; cuvopmcsu; Kat opi­ 
l;ewt 11 ho (go f), rots opil;;,nm Kat ri (hog) of 

h O (g O f) = (h O g) 0 f 
Tri (j1.)V(lp'tT]CJ11 am,i 1:11 ltµs cruvescrri rrov f, g 
Kat h K(lt rn <n)�l�O),il;;ouµe us h O g Of H ouv­ 
Gim11 ouvupnicscov yevtKruei:m Kat yta nspioco­ 
rspe; an6 rpsu; (j'\.)Vetpu'1crsic;. 

8. Ilore µ1a <Jl>vop­r11011 f MytTot 1V11<Jiros ai>­ 
;ol><Ja KCit n(>Te yvri<Jiros q>9ivouoa es tva 610­ 
<JT'llµa 11; 

[\nANTHIH 

• H (Jl)VCXPTTJOTJ f Mye­rm yv11criroc; av�oucra oe ev« 
<>t<XITTT]µCt !:i,. tOU neo[ou opiouo» TT]c;, orov yta 
07t0ta01l1t0tc X1, X2E/:i,. us X1 < X2 lCTXt>et: 

f'(x.) < f(x2) 

• H (Jl)VCXPTTJITTJ fAtye­rm yvricriroc; <p0ivoucra cs iva 
&tCLITTT]µa t:i,. tou ne8iou opiouou r11c;, oruv yta 
onotal>i]no­re x, , Xi E t:i,. µe x, < x2 t<JXUet: 

f'(x.) > f(x2) 

9. Ilors µ1a (Jl)VapTtl<J11 f µe 1tt6io opi<Jµoi> A 
Atµt OTl 1t'UpOl><JlCl�tl GTO X0 EA Ol.tK6 µi:yt<JTO 

KCil 1t0Tt 01.lKO tl.O:):l<Jt'O; 
AnANTHl:H 

Min ouvcprnon f ue 7tCOl0 opicuou A ea 11.e�le on: 
+ Ilapot>crtet/;;et <HO X0 EA ( Ot,tKO) µ.eytcrto, tO 

f(x0), orov: 
f(x) � f(x0) yta KetSe xEA 



• flapoucrt<isei <JTO Xo EA ( OAlKO) CAUX,l<JTO, to 
f(x0), ornv: 

f'(x) 2: f(x0) "(ta K<i9e x EA 

10. non: µta (J'l)Vap'Tl)<Jl) f ue 1reoio opreuou A 
I.E)'tT<ll "1­l "; 

AnANTHtH 

Mia cruvapn]crrJ f: A­R Atye.m cruvapTIJ<nl "1­1 '', 
ornv yia 01toiaoi17t0Te x 1 , x2 EA µe x, =f= x, tcrxue1 
6Tt f'(x.) =I= f(x2). 

Jlup<ioi:ryµu 

H ouvdprnort: 

I
x, nv 

g(x) = 1 x' av 

x.::; 0 

x>O O x 

To cvttctpooo YCV\KU Scv 1crxuc1. Y 1tcipxouv ori­ 
),aoij cuvcprncs«; nou etvci "L ­1" o.).),ci Sev 
stvcr yv11criwc; uovorovec. 

stvcr "1 ­ I ", a.11.'A.a Ssv 
eivut yvqcriwc; uovo­ 
rovn, 

�1.IIJ.W 

a) Mio.ouvcpmon f: A­JR eivm (j\)VOPTTJ<nJ "1­1 ", 
av K'<ll µ6vo av yta 01to1aoij1t0Te x 1 , x2 EA tcrxue1 
11 m>vf:1tayrny1i: 

<xv f'(x ,) f(x2), TOTe x, = x2 

Eivct (pavcp6 mt6 rov op1.crµ6 n1c; cruvapn1<rr1c; 6t1 
1crxuc1 11 icoduvcuin: 

f(x1)=f(x2) = x1=x2 

�) Ano rov opicuo rrpoKumct 6n �ua cuveprncn f 
civrn "1­1," av Kat uovo av: 
• Fin K<iOf: <TT01xeio y rou ouvoxou T1µ<i>v T'l<; 11 

c�lmJ.)011 f ( x) y 6Xet aKptPwc; �tia 11.fo11 we; 
rrpoc; x. 

• L\i:;v \)7t(lpxouv <YlWBL(l •'le; ypa<p1K1ic; 'tl]c; rrapa­ 
<Jta<Y'l<; µe TJlV ioia t€Ta"(�lSV11, Auro onuaivei on 
Kaee 0Pts6vna eueeiet TSµve1 tl] ypa<p1K1i rrapa­ 
(jfa(J'l] T1l<; fro 1to),u cs svu rn1 usio. 

• Av µ1Ct ouvcpmon etvci yv11criroc; uovorovn. TO­ 
TS slvrn KCtl "1­ J ". 

11 . Hou �ua <n>vapTtJori f us 1tt6io oprnµoi) A 
OVTt<M"pf<j)f.Tfll Kat 1tro�; 

AnANTHIH 

Min ouvcprnon f: A ­ R uvncrpscstm, av KCtl 
µ6vo av civm "I 1 ". H cvrtorpoen ovvcpmcn n1c; 
I: nou ouµfioAisi::tal us f 1, opi�EtCtl (l7t0 't11 O'X.6011: 

f(x) = y = f 1(y) = x 

't/Cli.W 

a) Jcrxuc1 6n: 
f 1(f(x)) = x, xEA, Kat 
f(f 1(y)) = v. y E f(A) 

�) 11 ovrlorpoen Tqc; f txi::11td5io opicuou to cuvo­ 
Ao Tl�lWV f(A) Tqc; f Kat <YUVOl,O Tl�IU)\' TO 1ti::o(o opt­ 
ouou A TJlc; f. 
y) Oi ypo.<ptK&; ncpccrcosu; C Kai C. TWV <YUVCtp­ 
rnosrov f Ka1 f sivm cru�1µr.rp1Kec; we; rrpoc; tuv 
ev0&io. y = x nou 61x_ot0�u:i n,; ywv[i;,;: 

xOy Kat x'Oy' 



B. 'Opaa ouvapn\oEwv 

lim f'(x) � ( = lirn [(x) = lim I(x) 
' ­ ,, ' . ' '( . ,,. 

ii) lim l'(x) ­= Q = lim f'(x, ­ h) C 
\. .,.. b-0 

1 2 Ilour rrpo­raori OlJ\.'M:u TO 6p10 TTJ': f OTO ,, 
K(ll Ta rr).£UptKU 6pta n1:; f OTO .\.0; 

l\_'1AN'TH1H 

£q>00"0\' f(x) � 0 KOVt(l <JTO \.o 

.., :\ o ypet\JIETt n.; LOtOTTJTr.c; TWv opuov nro 
�ER. 

t.( ·) hm f(x) 
• ,· x '.. 1· ( ) I= 0 ... 11n ­ ­ ­­ £,mo · O"O\' Jill" X ., g(x) ­ limg(x)' �· ,_, � 

' .. "• 
5. !i��,I f(x): I !i��.f(x) 

6. hm •/f(x) • I lim f{.,). 
•• \ II. ., ... 

yin i..:ci.61: cnnOt�)et KE R 

3. hm{f(x) · g(,1) Jim f(x) limg(x) 
•\..1 '(-1,'... ,-,,. 

2. lim(Kf(x))=Klimf(x) 
•• \ti \ ,,. 

1. hm{f(x) + g(.xl)= limf(x)� limg(,) 
•'ct ,_..., , ­, 

y) '·'n:,priµu 
A\' UitUPXOU\' TU Clplft t(!)V <Jt>VUplTJClEO)V f KUl g CTTO 

x. •. TOTE: 

fl) 1.tupllJIU 
Av 01 crl>\'aptijcr£1,; C g t­1.om· opro oro x, xm 1a;:uc1 
f'(x) � g(xt KO\'lft <JTO '"' Tot£: 

lim f(x) S limg(x) 
\ .. 'i· \ , .. 

r lQ ro 6p10 l<>.(UO\I\' Ol itUpUKUT(I) 1016n1Tcc;: 

a) 0u:,p1uw 
• Av lim f(x) > 0. TOTE f(x) .» 0 KO\'let oro x0 • • 
• A\' lim f'(x) < o. rorc f'(x) <, 0 KO\ltU OTO ...... . •', 

a) H f civet op1cr11fr11 os t,·a cruvo) ', o t11,; ftopq,11,; 
( a •. ,Q) u ( ,,1• Bl >­:m oro ouvo).o curo £­xi:1 rnv 1016­ 
rqru P 
P) 11 f sivm op1cr111:v11 cm ev« cri'Noto n1,; pop<p11c; 
(a. 'r,)­ i:zEl <JE UUTO Til\' lblOT)lTCi P. ana Sev opi­ 
�ETUl m: m)voi.o n1; �10pq>�.; (,,,. Jl). 
y) 1­1 f sivm opicucvn cs evu m·,vo,,o T)l,; pop<p�.; 
<x.i. � ). EXEi cc uuro T)lV lbt6n1rn P. u)),a Scv opi­ 
�ETUl OE m)\'Ot.O ,11,; �topq>�,; (Ct. X ). 

0 

a) lc:,1.uc1 on: 
Jim x ­ ,11 i.:ett Jim c c 
\ .. l•q 11.­, 

ICJXUEL cm: 
Av µta ouvupn1c:n1 f civu1 op1oµtv11 or. i.vu au,·o,.o 
Tll<; µop<Pi].; ( a. x, ) u ( Xa. P ). TOTE t<J'f.Ul:1 TJ iooouv«­ 
uin: 

�) Touc ap10�1ou.;: 
hrn f'(x) i..:m (.= hrn I'(x) 

TOU<; f.£�!C 1tf.1­:1>plKCl Oj)lU rn.; f <JTO .\.1, t,.:(tl <JlJ)'KCt.:pl­ 
µi:va TO c, UplCHEp6 opio n1,; f <JTO x, .. E\'(O to rl 
Di:�t() opio tT),; f <JTO x,,. 

y) • nu vu ava�riti]aouµE TO 6p10 n1.; f oro 'u. 
1tpbtc1 TJ f vo opi�ctcu oco 06.ouµr. «xovru oro 
X11». <>11),QOIJ )1 f VU i;tV(LI optoucvr] <JE £\'(l O"U\'0· 

).o T)l.; µop<p11:;: 
(ct. \1 )lJ(X , �) Tl (U . .\.) ti (v. J3) 

• To x, unopci vn aviJi..:c1 oro 1tEc5io opiouou n1.; 
m>vapT)l<J)l.; � vn uqv ((\'�Kf.l O"E CtUTO 

·• H n�ti] me f <JTO x .. ornv urrapxF.1. µnopci vu 
stvci icrri �lF. TO Oj)I<) nj; ITTO x u ,; omoopcrn.,; 
coro curo. 

1 ll6TE jJ:µt on Jtt(.( Oll\'OPT110fl f i7..t1 KO\'TU 

OTO x0 µtu 16u>TTJTU P; 
••. �ANTHIH 

M ta <Jl>Vcip,11m1 f ltµc on EXEL ls:O\'lCJ. CTTO \:, JllU 
161<hTJta P. otuv t<Jf.l)El µ111 arr6 n.; rpm.; <JlJ\­0tii..:c; 
mm flKOt,ouOoiiv: 

� "Tl:!.; OTO {1pto 
n) l<J:(llCl on: 

i) Jim f(x)­= C = lim(f(:x)­ () ' .,., ,_ , .. 

.. .,. 



6) 0t:rop11µa 

i) Av P(x) = cv' + a,_,x" I + ... + c.x + O.o 
slvm no),ucovuµo rou x Kat x, E JR, tore: 

GT) Ioxui::1 on: 

• I 1wx I s I x I y1a KciEk x ER 
H roornrc 1crx6el uovo orov x = 0. 

15. Ow<; ll1t'OJ..oy{�ouµE TO opto TI'!<; <Jl)V0ST]1,; on­ 
VOf>'T11<111<; fog <JTO x0; 

Av g(x) =/= U0 KOV'tCl ITTO X0, rots ro �l'ltOUµi::vo opio 
eivm ioo us Q, ori)..ao1\ t<JXUCt lim f( g (x)) = Jim f( u). 

x­x., u­u 

AnANTHIH 

Av 60.ou�ti:: vc uno),oyi.crouw: to 6p10 T!'li; cruv6c­rq,; 
<J'UVO.P'tll<Jll,; fog <HO onueio X0, Ol'lf.001) to: 

lim f(g(x)) 
X •Xt1 

• lim crovx = cruvx0 
x­x,) 

I. O'UVX ­ I = O + 1111­­­ 
x ·O X 

• lim1iµx=l ,­o x 

• lim qµx = l]µx0 
X • Xo 

tote epya(oµacrte ©,; c�11,;: 
1. 0e.ouµc u = g(x). 

2. Yno,,oyi(ou�u, (nv un6.pxe1) to u0 = limg(x). 
X <Xo 

3. Y1to1,oyii:;,owle (av u1tapxe1) to e = lim f'(u). 
U .... Un 

.. ) f( ) P(x) , , , . 
II Av x = Q(x) elvm p11n1 covopmon, ozou 

P(x). Q(x) stvoi 1t0f.Uffi\l'Uµa TOU X Kat Xo E JR �1£ 

Q(x0) =!= 0, tore: 
lim P(x) = P(x0) 
x­x0Q(x) Q(x0) 

= a,limx" + a, 1 limx ,._, + ... + limn, = 
x •Xt1 x­x0 x­x(, 

AnOIIEl:cH 

i) 'Eorco to noAu6:Jvuµo: 
P(x) = a,x" + a, 1x"­, + ... + a,x I a0 

Kat X0E JR 
Iuµ(j)O)VQ uc r«; yvrocnt,; 1St6­rqrn,; txouw:: 

lim P(x)= lim(a"x ''+a,,_1x ,­,+ ... +a1x +a0)= 
x­'<11 x­·xv 

= lim(a.,x '') + lim(a"_1x,.._1) + ... + limn, = 
x­x., X •X11 X­ . ..;,1 

X­'.1­:,·, 

AnANTHIH 

• Jim f(x)­ j oc = lim f'(x) = lim f'(x) = +oo 
\.­'(, 

DmD,; ornv 1repintrocr11 rtov nsnepcoucvcrv opinrv 
srm Km yta ta ci,,e1pa optc ouvcpntcerov, nou opi­ 
(ovrm os S\'U CfUVOAO n1� µopq,�,; ( a. x0) U (x.,; �), 
ICf;(\JO\JV 01 nupcxrrrco lOOO'UVetµ(e�: 

16. Na yp{njltTC n,; tOlOTI'l'TE<; TOU MEtpou optou 
<JTO X0ER 

Enousvo»; limP(x) = P(x0). 
X • Xi:, 

• , , f'( ) __ P(x) . ii) 'Ecrtro 1'J Plltll ouvcpmon x Q (x) ' onou 

P(x), Q(x) slvm notucbvuµa rou x Kat x0E JR ue 
Q(x0) =!= 0. Tote: 

P( ) lim P(x) P(, ) 
1. J'( ) 1· X x­xo Xo 
.��. x = .��Q(x) = lim Q(x) = Q(x0) 

x •,1(11 

. P(x) P(x0) • Q( ) -t. 0 Exouevo»; tun Q( ) = Q( ) , eoocov x0 r . x­x,, X X0 

s) 0t<;,p11µa (Kpm)pt0 rrapsµ�oi.1),;) 

'Ecrtw ot ouvcprnceic f, g Km h. Av: 

• h(x) s f'(x) s g(x) KOVt(l O'tO x, Kat 

• limh(x) = limg(x) = �. 
x ­x, x­x,:, 

n'rrn lim f(x) = Q. 
x­x .. 

• lim f'(x) = ­oo = Jim f'(x) = Jim f'(x) = ­oo 
x­�. x •Xo x­x; 

Me Tll Bo�6eta TOU opiouou unoocucvoovrm 01 sno­ 
µcvi;,; 1otot11w;: 

a) Av lim f(x) = +oo, rots f(x) > 0 KOvtO. oro Xo, 
x r­xo 

l­.'V<� av lim f(x) =­oc, rote f'(x) < 0 KOvt6. oro x0• 
X • Xo 

)3) Av limf(x) = +oc, rote lim(­f(x)) = =­cc, 
X • X1; x­ XI) 

cvro av limf(x) = ­cc. rots lim(­f(x)) = +oc. 
ll­XI} X ... Xo 



e) Av Jim l'(x) 
x • \;1 

lim f'(x) 
\ • \!! 

I co 

!..zo,.IO 
Ot napaK<iTC1l �top<J)t,; )J:yovrm cx1tpocro16pmre,; �LOP· 
<re,;: 

( I oo ) + (­oo), O·(±oo), (+oo) (,oo), 
0 ±oo ( oc) ­ (­oo). 0' ±oc 

17 N <.t 'Yl)U\jltTt nc; t& t6T11nc; yu1 TO orno au­ 
vapTtt<Jtlc; CJTO U1ftlp0. 

AnJl"'JH"i 

T()tf. !i���. r/­:.) l­oo CV(!) UV F��:. I'(x) O Kat 

l'(x) < 0 Kovra CHO x,.. rote Jim 1.(1:­ ) = -ex., 
:,;.­'=c X 

y) Av }�n,�0f(x) = +oc 11 ­oo. rote !��.f(�) = 0. 

o) Av Jim f'(x) = 0 Km f(x) > 0 xovtn cro x1,. ,­,., 

I cc � ­oo. tors: 

<JT)Av lim f(x) 
x • '<., 

r) ') 1 · I ., I 111'1 , 
\ .I) x 

I. 
I 1m ,, 

\ ­1) x 

f oo, tore Jim•/f(x) ­ ' ,,, 

+x xm YF.VtKa: 

n) rtu rov uno).oy1crr16 mu opiou oro +oo t'1 ore 
00 cv6,; w:y6AOU apt0[L01) ouvopniocov xrr.tas6· 

uncrc rn 1t<£rm<et­r(t) �(l(l'Jl(Cl opiu; 

• Jim x ' = +'.JO Kut lim J,. 0, v('" �· 
'·· '­ '·I"'­ X I oo, veM' 

ii) lim ­,� 11 ­ I rx... vc:H KW 
',I) >, 

I. I 
1111� 

\ .I) x 

•t) I'm TO aOpotaprt KW TO "flV()�lf.VO 1crx1)ouv TfL no­ 
pm:at,,> Ocwp1)pum: 

Hn,1p111111 Io ( 6pio aOpoiCJJIClTOS) 

Av CJTO x0ElR ­ 
'TO 6pl0 

ClCJt UE JP. ­l­oo ­oo I oo -00 'tflS f dvm: 
KCU 'TO opio 

I oc -oo . 00 00 -00 +oo TflS g dvm: 
T6Tt 'TO 6pl0 ­I 00 ­oo +oo TflS f+g stvm: 00 ' ' 

Av <1,0 

x0ER 
TO OplO 

u ·O a<O a>O u<O () (l 
,:q,; f EIV(ll: 

+'X. +oo :x: ­::<, 

KOi "CO OplO 
i­'.C ­"X: -x t­x. 

Tl)� g Eivm: x ­­.; ­rc ­'.X) -x x 

TOTCTO OplO 

Tl),; f·g too -00 ­:x: toc +eo ­<X: ­(Xi -oo 
r.ivm: 

I. 
,. { +oo. uv v nrno; 

• 1111 X ­ , 
, ­ , +­oo, av v m::ptnor; 

lim I, = 0. vE"Ir \ . ' .x 

fj) l't<t rnv 1tO/,\J(l)VWllKli ouvaprqm,: 

f>(x) a,.x' f «, .x" ' I ... I ftu pc a,.:;.!: 0 

lCTX1>Ct: 
Jim P(x) Jim (a,x ') 

\ ·I,. \ •I"\. 

lim P(x) = lim («, x '') 
\ ­c ' • ' 

y) rm t'll pl]tl] ouvcprnon: 

f(x)= t:_yx'' � a ... 1x'' 1 t­ ... +a1x a0 

P, x " + fl, Ix' I+ . "�, �Ix + f3., 

�tc o, :;.!: 0 K­at f), :;.!: 0 

limf(x)= lim(�,.x:) 
�­ � x�1­.. p�X 

Kat 

lim J'(x) ­ lim ( �' x:) 
' • .,,, \ • "I; ,, 

.... 
x 

0) Fio IO opro CK9CtlK�,; · /·.O"{CXpt0ptK1l,; onveprn­ 
m1,; mx1>Et 6n: 



• Av n > l , tors: 
limct'­O 

lim a'= l­oc 

lim Jog. x = ­oo 
x ,0 

Iim logo. x = +oo 
x .. +r.c 

• Av O < n < 1, rots: 
Iim ax= +oc 

x ·­­.x. 

Jim a'= 0 
x ·+tX; 

Jim Jog. x = +oo 
x ·O 

Jim log" x = ­oo 
x ­ I cc 

�xoi,w 
a) Fie vc ava1)1T11crow1E ro opio µtw; cruvap­r11011<; 
f oro +oo. rcpbrnt T] f vc sivm opiousvn cs 8ta.<:HT]­ 
µa n1c; µopq,�<; (a, ­l­cc). 

P) Fie va avn�11�crouµe 'CO opio µtru; ouvoprqorp; 
f cro ­oo. 1rpfae111 f vc sivm opiousvn cs 8uicr­r1wa 
111<; µop<p11<; (­oo, �). 

y) fHl ta opin oro ­l­oc Kat ­oc tcrx(>ouv or yvro­ 
cnE<; tot6u1n:c; ttov opiorv mo x0 us tnv 1tpoi.in:68e­ 
on on: 

• oi ouvopmos«; eivm oproueve; cs Kata)J.11­ 
).u (J\)VOf.a K(ll 
• ocv KO.t:a),iJyou�tf. m: un:pocr816pt<JT11 µop<piJ. 

1 8. Jlore uin GUvcxp­r11ori f liymu <Jl)vqiJ,; G'TO 

onusto x0 rou m:6iou op,.aµo­6 't11­;; 
AnANTHl:H 

�) M ta cr­uvap,11cr11 f nou civrn cr'Uvq_�,; cc 6),a re 
ouueto t01) rreoiou opicuou tl1<; ea Mycim (jl)VCXD<; 
(J'\) V<XPTll <Jl] . 

y) • Ka0e 11:0/,U(J)Vl)}llKl) ouvdpmon p sivm (Y\)­ 

vexiJ.:;, acpou yta Ka0C X0 EI{ \<JX\ll:t: 

limP(x) = P(x0) 
x ­·X,·, 

• K6.0e P'ltll ouvcpmon ; eivm 0uw:xiJ.:;, mpo{i 

yta Ka0c x0 mu rrc8iou opiouou n1.; t<Jzyet: 

Jim P(x) = P(x0) 
,­,,,Q(x) Q(x0) 

• Ot crnw1p�crc1� f'(x) = 11µx Km gix) = ouvx 
eivm CTHVeX.el<;, a<pOU ')'lU Ka9e X0 E JR LOXtJCt: 

Mic O'l)VClf)Tl10''1 f Myetat 0'1)\lex11.:; O'TO crqµeio Xo 
rou n:e8iou opiouou r11.:; orov: 

lim f(x) = f(x0) 
X • Xo 

l:xM.tu 
a) �t'i�t<pu.JV(1 µe rov rrapmi:6vcJ> opiouo, �tl(l ouvcp­ 
i11011 f of.v sivrn 0uvf.x11<; 01'. 1�v<1 cnueio x0 nm ns­ 
oiou opiouo» 111<; orov: 

i) bf.V \l1C<lf)X.f.l to 6pt6 u1c; <J'CO Xo � 
ti) urcapxc1 TO opto HJ<; ore Xo o.Ua sivm otmpo­ 
penxo ono rnv nµ11 Tile; f(x0) mo onucio x0. 



I im q�tx = q�txu Kat I im ouvx ­ m>vx., )(­..... ,­,,. 
• 01 auvcqm)crf.1..; f(x) = a' xru gt x) = log,x, 

() < a =I I. f.lVCll (Jl)V£Xet;. 

19 I\ u otaTurr<i>ant 1tp0Tao11 nou a(j)opa nc; 
7Tl)CJ,�tt:; <JllVtX(•)V <JUV<lf)'t''l<Jt(l)V. 

A,1A I H, II 

Ftn n.; 1tpC1t,Ct1; CTUVCX<llV ouvcprncctov tcrX.Uf:I TO no­ 
pa.:cmo ecc,)ptwa: 

;\ V Ol ouvcpniccu; J" l((ll g civrn CYUV1:x1:[,; CTTO X,, • 
T(lTC civrn ouvi:xd·; CHO Xr, Km 01 CTU\'<LfYflim:1..;: 

f I g. c f ( 61tOU c ( } ). 

r g r r I Km '/ r . g 
Pf: rnv npt)ii1t601:m1 on ori�O\'T<tl CTC tva OIUCltlHICl 

mH> m:p11':;,:i:1 rn x., . 

7.0 Na om,­urr(J>auc np6'TO<rl) rrm> o.CJ)opn Tll mi­ 
vi'.:x�:1a (J\JVOt:n1:; (J\)\'(lj)Tll<Jll:;, 

J.n I Ii 

) 't(t tl) CrllV!:Xf.lU. CTIJ\101:rq,; CTLIVCtptllCTlJC ICl;(lll:L TO 1t!X­ 
f)C'XK(XtC1) Or.C:ip1111a: 

t\V '1 crt>V(tf)Tl)Cill f l:IVW crnv1:x1,s CHO X,, Kat 11 CH)­ 

vcpmcn g civm miw:x1i:; <Ho f(x,,). r<'m: 'l cn'iv0}:mi 
rou; g f d vu, auv1:x11.:; cro .,,, . 

� I . noTt µto. (J\l\'Uj)Tll<Jfl f 1J:y1:Tcu (J\)Vl:x11c; or. 
svu uvo1K­ro 01uor1uw. (<L, µ) K<u 1t6n: OTO K),i:1­ 
<JTO ouicmw<1 [n, µ1; 

An,,Nr +" 1 

Mm ouvnptnor] f")J:w: cm f.l vrn (H)VF,X.1]<; m: iv« 
uvoucro 616.0nwu ( u, ri ). (lTCL\' sivrn CTUVf.Xli:; CTE 

K(x.!:lc CH\µcio TOU (u, f3). 
M ta ouvdpmcu f't,{;�u; on civui ouvq1i,; ot; {:m 
K1,c1cn:6 oui0Tq,Lu1 [ a. f}]. otuv dvm m>vEx11i; m: 
KU!:lC onucto TUtJ ( a. [.n KUl rnmfJ:ov: 

lim f'(x) f'(«) Km lim f(x) f(0) 
I \-P 

./ii IC 

i\v&).oym opiouoi omTUm;1vovm1 ym omcr­r1ipaw rq,; 
�LOj)(j)llS ( Cl, [\], f u, n). 

2 J Nn 01unmroor.Tr. TO Ot6>pl)µ<L Bolzano. 

AllAN·� Jl 

'Ecro: �uri cuvcprnon f, op1c;�1iv11 m: i:va 1<1,c1crr6 
iitc.icrnwa r n, H Av: 

11 f dvcu cruvcx.�; oro l a.13 J i­:m 
IClX,lll:l f( Cl)!"([\) < 0 

rote um'i.p;(Cl CVU, tOUf,O.XIClTOV, X0 f' ( a, �) rsroro, 
(t)CJTC f(X11) = 0. 
�flf.0011 \)JtClj)X,Cl uio, 'COUl.aXlCJtO\', pi�a r11,; C�l(J(.()· 

011<; f(X) = 0 CJTO OVOlKtO 010.CJtljpet (a. r1). 
0 

a) Av pw. cruv6.prqcr11 f civru auw:;,:1'1..; m; r.,·rx. l'ltci­ 
crtlJPCt !:,.. KW OC\' �lllOCVii,;CtW CiC ouro. ton; atm'1 11 
r.ivw HEtt1<11 yta Ka0F. x E= /\ ,·1 r.ivw apv11n"·11 y,a 
K('tOF, \ f' /\, ()11),ao11 OlatljpEI 1tp6mwo oro OlfJ.CTtll· 

.urx /\. 
I!) Mia cruvcxii­; 01)\ICJ.J)tqoq r 01at11pf.f 1tp6mwo ClC 
K:a.Ocva an6 TC( OlOOTl

0

HlCtTCl ore onoin 01 OtC100XtKC;,. 
pi�c..; Tl)<; f Xt1JJ)tsOUV TO 1tCOIO OJ)lOpO\l tr].;. 

' «· I II • 
Nu 6mnm1•>m:Tt KUI vci tt71'oOd�t:n: TO fh:1•>IJ1H1CJ. 
}:Vci1uµi;m1>V niH•)V, 

To flcc,,1)1J�la cvo16.�1ccrcov npoJv civet to napm:aTw. 
'Eon» ptu ouvcprnon I, 11 onoin civut op1CT�1i';vq m: 
C\'U K�­ClOtl) o,acrtq�lCl la. [j]. Av: 

1] f Cl Vat cruVCXl'J<; CHO l o. I> J "'at 
f'(n) I f(B) 

tors ym Ku(k ap1(:)p6 q pi,w�i> tiov f(u) i,:m f(l3) 
lJJt('tJ);t:Cl CVC/.<;. TOUfit;(.lcrtoV, Xu C (Ct, 13) TCtOIO:;. 
,;lCTTF, f(xu) q. 

l\r'Ollfl H 

A..; urroE>tcroupc 6n f(a) < f(l3). Tore ea ,cr;,:uc,: 
f"(a) < 'l < J'([j) 

y 
B 

f(�} 

11 
)'=T/ 

1'(<1.) 

0 0. x .. , x,� x,'.1' p x 



Av ecwpi]oO'UflC tq ouvepruou: 

g(x) f'(x) 11,xE[a,Bl 
rrapanirot'>µe on: 

11 g civrn cruvcx11,; oro [a. PJ Kat 
• g(a)gW) < O, 
orpou: 

g(a) = f(a) ­ ri < 0 Kat g(B) = f(P) ­ 1l > 0 
Enoucvoic, cruµ<pCl)VQ ue 10 ecw1­111µa 'WU Bolzano. 
urrapxct x, E ( a. P) rt­co 10, cocrc: 

g(x0) = f(x,i) ­ 11 = 0 
oxore f(x(,) = 11· 

:.zM.tt 

u) H erxov« 10(.�) cvo; otacni]µa:roc; D. µfow f1ta.; 
cruvcxouc; Kat f!tj ffmecp11c; cruvuprrimis f ELV(ll 8t6­ 
cmuc, 

P) Av um m1vcipn1crri f dvat yv110iw; au�ot>cra KW 
cruvi;x11; m: i':vu <lVotKTC> i5tfm­r111m ( n, 0), TOTE TO 
cruvo),o Tl!lWV ­rq,; crto 01acr­rq�1u (WT() i:ivm 10 Ota­ 
cmuc (A, B), onou: 

A= lim f'(x) Km B = lim I'(x) 
x-u A-II 

Av oµwc; 11 f civat yv11cricu; cpeivoucra Kat cruvc;,:,11; 
010 (a, B), tote 1:0 ouvoxo tuuov 111,; cro Otcicrtriµu 
mrro civrn 10 otfmnHLO (H, A). 

24 J\a otaT\JtrW<JeTeTO 6t<i>p11µa itfytaT11:;­do.­ 
x•csn1':­ nµ11�­ 

AnANTH�:11 

To 0Eci>r11w1 ftEy1crn1,; ­ c)i1x1crr11c; nµiJc; ou1ru1t6)­ 
vcrci we; c�11c;: 
Av f f.ivw cruvax1),; cuvcornon aw [ a, PL rote 11 r 
ncipvet CT'tO [ CL P j �ua �ttytcnri 'Ilflll M KU! �llfl 
etaxtcrrri nµ ii m. 
D.q/·.fl0l) 1)1[UPXOUV x.. X2E= (a, PJ tsroic. eoore av: 

m f(x.) Km M = f'(x.) 
\!CL L<JXllel: 

m <; f'(x) :s M yta Kaea xE[a. PJ 
l.zoi.w 
Ano TO 1tupu1tavu) 0cwp1iµa Kat to 6cc1Jpqpu C\'OHi­ 
usorov ruuov 1tp0Ktllttel on to ouvo/,o Tlfl<;J\' iuu; 
cruw:x.ou; cnivap111rni;; f us na&io ooiouou to l «, PJ 
civet TO K}.£tCHO 6tcicrt11w1 [m. \1}. orrou Ill rJ zi,a- 
XlCTTrJ n�t� HH \ 1 11 �u:y1an1 nµ11 tq;. 

To 6pto nuto ovwtas1.>tm 1tapciyurfo; rqc; f cro x, 
mt m>ftB01,i�ew1 us f" (x,.). t.\l]),aori: 

I"( ) _ 1. f(x) f(x0) 
x<, ­ ,m 

_\­Xr x ­ Xo 

A. A1acpop1K6c; Aoy,aµ6c; (Kav6vic; napaywy1011c;) 

I. 
f(x)­ f(x,1) tm · 

x­x, X Xo 

Km dvm 1tpuyµat1K6; apt0µ6;. 
AnANTH:_H 

�m ouvdpmon f ) .. f.µe on eivm nr.1pay(J)yicr1µ11 os 
�­vr1 crriw:io x, mu 1tEOicm opiouou n1c;, nv KOL uovo 
av umipXEl ro: 

2�. Ilore µm ovvaf>Tl)<Jll f )J;ynm 1tapa)'wyia1­ 
µ11 GTO cs11µdo x0 TOV tre6iot> opiouon Trti;; 



Oecouu» \ = x., + h, ,611: i:;:ou1u­:: 

I. 
f{\o ­h)­f(xo) 

f"(x0) llll­ ­1­ h .o l 

P> Av ro .\,, t:ivm r,crc,m:ptt­() onucio f.\'t­,.; 61acrnutc1· 
ro., rou m:6iou op10�1ou n1.; t: rorc: 

11 f civrn 1rupuyc,)y10tµT) CTTO \,. U\' I\UI uovo U\' 

urr(1pxonv cro } W opic: 

I. 
f(\) :(,") 1· th) ­ th.,} 

1111 ­ • llll 
,.,, :\­:\o , •• X Xu 

­ ­ Av 11 auvupTflOll f riw11 m1puylt>yunµri CJTO 
<Jl')µdo ,0, vu ypliljlfn: TI]\' t:.:.im•>CJlJ Tfl.; t:q>WfTO· 
µ{:v11.; Tll­,, l1 CJTO CJIHttiO Tfl.; \(x". f(\0)). 

wpoi, l'J f civrn napayroyimµl') oro x,.. Crroµi:v(l1,;: 
lim f'(x) = f'(x.) 
\ .,., 

011i.C161i 11 f tivu1 ffil\'tf.TJ.; oro x0• 

!..t.OI.IO 
To uvrlorpooo rou rrapami\'(•\ 0aop��1um; &\· 10­.(l>f.1. 
I crzi,r., 01uo,; cm: 
,fr 1110 m11·ripn1m1 f,5r.,· civtu a111•rx11.; at: fra m1111:io 
.\/), rtir1: fJl0>Utp1•J\'({ tu: TO lrJJllll}'O/Jjlf.\'(J OuupiflW ,5n· 
JllW/1r.i 1 ·c, tivtu 7ro,1m;·<•1)'ifTlflll fJT<> \ n- 

28. H ·­···· 
non: µw (J\J\'Ul)TllCJl'J f )i­;yf.T(U 1tup,1y(l>yi<J1flll: 
n) CJTO m:6io 01.naµot'1 n1.; A; 
P> CJTO u,·01KT6 011iCJT1lf1U (u, P> rou 1rr.6im1 opi­ 
aµoi, n1.;: 
y) ero K1.t1aTC:. 01uaT1iµu la, Pl Tot> m::oiou op1­ 
a1wi Tl').:: 

\ . I. fl,)­ f(ct) E P. llll ­ ­ • x ­ ({ 

0

E<lt(1) r �ll(L Clll\'11JlTl1Cill fU: m:i'\io Of)l<lpoi, i;vc1 rnrvo­ 
i.o ,\. (·)u i :1 on 

u) 11 f r.i\'m nupu fhl r1m1111 oro A 11. u;r).ci. mipU f<•l· 
yim1111. {m1v ,:ivm m1p<lywyicnp11 cc l\<iOi: m1111:io 
x EJ\. 
P> 11 fd\'Ul 1tupuywy1011111 m .. C\'CI m·rn...­ro i\tci<lTl]­ 
pu ( u, �) ton m:i'\iou opmpoi1 n1­.. ornv civrn nn­ 
puyu1yimp11 m: 1,J10r. mwrn1 x, l tu, lll 

y) 11 fd\'(n rrupuy<•,yim1111 <ll: C\'U i.).1:1c;ro i'\tcim11­ 
11u I u, p J ton m:6iou opiouou 111;. ornv civrn rru­ 
puy<tlyim11ri c;w ( u. j)) i­m r.mntJ:o\' 1<lxuc1: 

I. 
f(\)­f{fl) ­n 

1111 ­­ l­ I!'. 
\ ... .\ � 

Av µia auvapn1a11 f El\'at 1wpuywyi<J1µ11 ai: t:\'U 
m1µtio \,. TOTE ti\'Ul KUl (J\)\'1:;fll.; CJ'TO mwEiO U\1Til. 

�1,.(1i.10 

'Tt1,· l>J.im1 f'(\0) n1; 1:1purrrnµi:vr1; c <1111 Ah: . f1x .. 1) 
Oc1 n1 1.1:µi: 1\(1.l i..:).im1 rq; ( 'r (HO i\ '1 11:i.icr11 Tll� r 
(i'(() x, . 

n'1ANTH1 

11 r.E,iow111 111c i:<J)cmrn�1c\'11; r, rq.:: C, mo 01uu:iii 
TIE \( \ I l \0)) ,:ivm: 

y­ i'(.',) !"(,,)(, \ol 

Orton; OCI civm: . . I n.x) f(, .> lim [f<xl l(x,,l] = lim ­­ ' ,, ,. .,., :\ ­Xu 

1 ·m .\. 1' x i:xowu:: 

I'(\) ­ f(.,,) 
f'(x) ft\_J I\ \o) x \:II 

I. 
f(\} ,m 

\ '< ,\ 
f(x ,) 1· ­ llll(.\ 
x ' ,. 

!"( x,,) 0 ­ 0 

.\} = 

...,n ,_, I .n.. ...... ,, 

l\u (.(1t06r.i�t:n on: 
a) ,\\' f(x) = c. TOTE r·(,) = o. 
IJ> ,\\' r<,> = ,. ToTE r·<,> = 1. 

y) ,\v f(\) = ,", flt vE N ­ {O. I). TOTI:: 
r·<,> = "',­, 

6) ,\\' f(\) = /x. TOTl: r·(x) = ­ x > 0. 
2, x 



AnoAEl:H 

X­X0 

wxuct: 

tcrxuet: 

x (Inx}' 

A1tooR1KV1'>e­rm 6tt 11 f sivrn 1tetpay(.l)y(cr1µ11 OTO 

(0, +co) KCll lOXUCl f'(x) = l, OllAClO'l: x 
I 

_ f(x) + g(x) ­ f(x0) ­ g(x0) _ ­ ­ 
X ­x0 

= f(x)­ f(x0) + g(x)­ g(x0) 

X ­ x0 x ­ x0 

Em:1811 oi ouvnprnos«; f, g sivci rrapuywy[crt�tE,; 
<JtO X0, EXOWte: 

lim (f + g)(x) ­ (f + g)(x0) = 
'<-,'<<1 X - Xo 

r,u x =f. Xv l<JXUEt: 
(f + g)(x)­(f + g)(x0) 

_ 

X­X0 

30. <·>1:<•>p1uao 
Av Ot cruvopT1]0ttc; I, g slvrn napaywyiotµ1:c; OTO 
x0, ton 11 ouvupn1m1 f + g Eivm napaywyiotµ11 
OTO x0 Kilt lOXUEl: 

(f + g)'(x0) = f '(x0) + g'(x0) 

AnoAet­H 

E1toµevwc;: 

I. 
f(x) ­ f(x0) 

_ 1. 
_ 

un ­ un r­ � ­ ­­­­= ,­,., x ­ x0 x ­x • ..,, x + Jx0 2.Jx0 

ori1,.ao11 ( /x)' = 1r­. 
2v'x 

'\iJ.Ol zpt]<JlµOI Tll7tOI 

• 'Eorco 11 ouvcprnon f(x) = nux. 
H ouvcprnon f stvm n:apaywyio1µ11 oro R Km 
1crxue1 f'(x) = ouvx, ori11,ao11: 

( 1iµx )' = cruvx 

• 'Eorru Tl cruv6.ptT]<JT] f'(x) = ouvx, 
I I cruv6.pn1m1 f aivrn rrapaywyicrtµT] oro R Kat 
HJX.\JCL l"(x) = ­T]µX, 0'1A<l0'1: 

(rruvx].' = ­ri�tx 

• 'Ecno ri cruva.p,ricrri f'(x) = e'. 
Arrooeu,vuetett on Tl f etvm 1tapaywyicr1µ11 oro 
R K<ll 1crxue1 f'(x) = e', or,).ao.,: 

(e')' = e' 

• 'Coto> 'l m>va.p,ricrri f(x) = lnx. 

f(x) ­ f(x0) = c ­ c = 0 
X­Xo x ­Xo 

Jim f'(x) ­ f(x0) = 
x­x,, X ­ X0 

= lirn (xv 1 + x v 
2 x0 + ... + x � 1) = 

;( • �IJ 

En:oµtvuic;: 

= x� 1+x� 1+ ... +x; 1 = vx� 1 

( )( v '+ v­Z + LXov I) = x ­ x0 x X x0 • . • r 

X­X0 

= x" 1 ­I v 2 + 1 xv 1 ­ X Xo ... ­­ o 

Of\AUOT) (x")' = vx" 1 

6) Av x, etvci eve onueio rou (0, +co}, rote '}'L<l 
x :/: x0 1crxuet: 

f(x) ­ f(x0) Ix ­ Jx:i = = 

_ ( /x ­/Xu)(.;­;.+ Jx:i) _ 
­ (x ­ x0)( Ix+ /x:i) ­ 

_ x­x0 _ I 
­ (X­X0)(fx +A,) ­ Ix +Fa 

f(x) ­ f'(x ) x v ,. 
_..:....:.___;� O = X <I 

X­Xo x ­ Xo 

Erroµevwc;: 

lim f(x) ­ f(xo) = lim I = I 
x • Xu x - Xo x • Xn 

f(x) ­ f(x0) = x ­ x0 = 1 x ­ x0 x ­X0 

P) Av Xo civrn iv« onucto lOU IR, rote vtn x f x, 

a) Av x0 sivm tvc1 onusio rou R, ,­6­rn yw. x # x0 

mxuc1: 

I. 
r(x) ­ f(xo) O 1111 = 

x­.<o X ­ X0 

En:o�d:vc1><;: 

orJAaoi1 (c)' = 0. 

y) Av Xo civat tv« onucio tOU ;Ji, rorc y1a x :/: Xo 

01111,aori (x)' = I. 



li f(x)­f(x0) 

1. g(x)­g(x0) 
= 1111­ ­­+ rm= = 

:,;.-x,. X ­ X0 x ,:(.;, X ­ X0 

,\j}.01 Zf)lj(JlµOI T\>1f01 

u) Av 01 ouvoprnosu; f, g sivm 1tapcxywyicr1µcc; 
oro x0, rots Km 11 ouvcpmon f­ g slvrn 1tapcxywyi­ 
cn�u1 <HO x0 Km lO'X,Uet: 

(F: g)'(x0) = f'(x0)g(x0) + f(x0)g'(x0) 

l0;(1>C1 fmoµi':vw<; on: 
+ Av ot covcpmocu; L g stvrn napcxywy(cnµsc; cs 

svo 8uicrt1wcx �­ tore yta Kr10c x E� tcrx(>st: 
(f· g)'(x) = f'(x)g(x) + f(x)g'(x) 

+ Av f civrn 7tllpnyO)')'l<Jt�lll ouvcprnon cc tva oui­ 
crt11µcx � Km c E Et sm:t8i1 ( c) · = 0, txouµi:: 

(cf'(xj}' = cfTx) 

(f.) · (x .) = f'(xo) g(xo) ­ f(:o) g' (Xo) 
g c, [ g ( Xo) J ­ 

Ioxuet enouevo»; on: 
Av ot cuvcpnios«; f, g eivm napcxyroyicnµcc; cs tva 
&tacrrrwcx !:). Kilt vtu Kr1fll:: x E /1. 1crxust g(x) =I= 0, 
tors YlCX Ka0c x E 6. txcmw:: 

(l) '(x) = f' (x)g(x) ­ f�x)g' (x) 
g [g(x)]· 

y) 'Eoroi 11 ouvcprnon f'(x) = x­,·, v EN'. H ou­ 
vaptq011 f sivm 1tcxpaywyicr1µ11 cro JR' Kilt 1axi'>et 
f'(X) = ­vx­"­1, 0Tjt,C(0Y]'. 

(X vr = ­vx v I 

fta Kci0c XE ]f EXOUµe: 

(x vr=(J__)' =(l)'·x'­1 (xv)'_ 
x' (x '°)2 ­ 
­vx"­1 ,·­1 = =­vx x 2\' 

o) + 'EcmJJ 'l cuvoprnon f(x) = sqix, H oovop­ 
,11cr11 f stvm napaycnyim�tll cro: 

:R ­ {x I ouvx = o} 
. I" ) 1 .. " ", Kat t<1Xllf::l (X = ­­ 2­, <)T]r­Cloll= 

ouv x 

(e<px)' = ­1­ 
ouv 2 x 

Anoanrn 

fwKci0e xER­{xlcruvx=O} txouµc: 

(stpx}' = ( ll�lX )'= (11,ux)'cruvx­,11px(0uvx)' = 
.<JUvx cruv·x 

cruvxcruvx + 11µxqµx = crov2x = 
_ cruv 2 x + qµ 2 x _ 
­ ' ­­­, cruv·x cruv·x 

• 'Eorco T] cruvapn1<1TJ f'(x) = mpx. H auvap,q<Jl] 
f el vm rrapcxycoyiat�lll oro JR { x 111 ux = 0} 
Klll l<JXl>et f'(x) = ­ ­1­ ,­. 8q),cxo1): 

1w·x 

(orpx}' = ­ ­ 1,­ 
1w·x 

s) Fiu rnv itCXpfryroyo CTUV6t'Tl}; CTUV<Xf)TT]<ill<; l<JXl)el 
to 1tapaKClT(O 0eroprwa: 

Av rt oovaptnon g elvat ;ro.po.ycvyio1p17 ow x0 Ka/ 17.f 
eivoi 1ro.po.ywyim,urt mo g(x0), nfre t/ ouv6pr17017 fog 
efVO.I nooovoryioiun <JW Xn teat 1<1Xl>81.' 

(Jog)' (x0) = f' (g(xo)) · g' (x11) 

�zoi.w 
Fevuco C(V ,lll(l m>VClPTllO'l g elVCH 1tapayroy[mµq 0$ 
tva oicw,qµa 6 KaL 11 f sivoa napcxywyimµq ow 
g(!:).), 1:0tC 11 ouvcornon fog eivci 1tC<pay(l)y[crtinJ 
oro 6 Kat t<Y,(UCt: 

(f(g(x)))' = f'(g(x))· g Tx) 
6.11),aori av u = g(x), tore: 

(J'(u))' = f'(u) · u' 
Ms rov cruµPoltcrµ6 rou Leibniz, av y = f(u) Kat 
ll g(x), €XOWL£ TOV Tl>1tO: 

dy dy du 
dx =du· dx 

nou civet yvo.mr6; (J)<; xovovn; n1<; alucriow;. 



31. 0t(!)PllJICl 
Na mrooe[l;ur. on: 
a) H avvap'ttl<J11 f (x) = x", a ER ­ Z, aivm 
rrapo.ywyfo1µ11 <J'tO (0, +oo) Kill l<JX\lt::L: 

f'(x)=o.x•­1 

fl) H <Jllv(1p'tlJ<J'll f (x) = a', a > 0, etvm rro.po.­ 
yroy{<:nµ11 CJ'tO R ICftl taxl'.m: 

f'{x)=a'lna 

y) H (J'l)VO:P'f11<Jll f(x) = lnl x I, xeR*, stvrn nu­ 
po.yroyia1µ11 <J'tO x ER• icm l<JXUtl: 

(tnlx )'={­ 
AnOAELH 

a) Av y ­ x" c"1"X Kat Oecrou�u,: 
LI= nlnx 

rors €X,<>Uµe y ­ c". E1toµtv(.I)<;: 

y' = ( e")" = e" · u' = e011" ·a· J. = x" · .!!. = ax" 1 

x x 

�) Av y = o: = e'1"" KCll etcrouµ,e: 
u = xlnn 

rote exo·uµe y = c", Erroµevw<;: 
v' = ( e")" = e" · u' = e'1"0 

· Ina = «'lnc 

y) 'Exouµc: 

• av x > 0, rots ( ln] x I)' = (ln x)' = f, evro 

• av x < 0, rote lnl x I= ln(­x), ozors av et- 
oouus y ln(­x) Kat LI= ­x, slvci: 

y = lnu 
Enousvcoq: 

y'=(lnu)'=.!..u·=­1­ (­l)=J_ 
LI ­X X 

Kat apo. (lnl x I)'= { 

l:zoho 
Tt<; napamivw arroof:isct<; µm>pou�tf: vu tt<; n1t1,o­ 
1touicrouµc. /\ Ut6 vc ytVCt OtT]V t<'xSll f17t0 rov KCl011­ 
YlltiJ. 

E. A1acpop1K6� ).oy10µ6� 
(Bao1Ka 0iwp11µaTa ­ Iuvtnflf� 0MT ­ MovoTovia) 

32. Ta )J:µt pu0µ6 µr.TO(lo,.iJc; wu µr.ytoovc; y 
we; rrf)oc; 'tO µfyt0oc; x yw. x = x0, uv y = f(x) 
dvm 1ro.payroy[mµ11 (J'l)\'O:P't11<J11; 

AnANTHrH 

Av OUO µawp1.1rc<i µcyc(:)11 X, )' cruvofoVTat ue tT] 
crxecn1 y = f(x), orov f sivm µm cuvcpmon no­ 
payw1im�111 oro x0, tors ovoµal;ouµc pu0µ6 ucrc­ 
Poli]s tou y ws rrpos to x CHO onucio Xo mv mxpa­ 
ywyo f'(x0). 

33. Na OlllTU1f(!)(JE'ft TO Otwpqµa TOl> Rolle ICCll 

vn owatn Tl] ytwµnp11�11 Toll epunveiu, 
AnANTHIH 

To eewp11�to, toll Rolle Oto.TU7tCOVCTal W<; 1,�11<;: 

Av �tta O\)\/Upt11cr11 f sivrn: 

• cruvexris <JtO Kl..l>l<Jt6 01ucn1iµa r (1, p], 
• napayoiyicr1�111 oro nvoucto 01um11µa ( a, P) Km 

• f(a) = f(P) 



y 

0 

M(s, f(�l) 

·­····Zi\ 
A : '/ 

(.I 

B 
roio, <i>cnc: 

f(x�) f(:J. 
\ ­ '( ( I ) 

TOTC urrurxci evo, TOl>f.(lX\OTO\'. � E ( u. Bl Tl:TO\O. 
<•>OTC f'(�) = 0. 
I' cwµcrp11d.t. UUTO oriµaiw:1 cm umipxe1 �·a. TO\l­ 

f.ax1cnov. � E (u, Bl rcroio, (•JCHC 11 f.q>mno�1cv11 
n1<; C, oro :vt( {. r ( ;) ) vu eivm rrapuUri),ri orov 
a!;ova T(I)\' x. 

f '(x) = 0 yta K09t tG<0Ttp1KO enusio x TOU A 
TOTt 11 f civa1 ora0cp11 at oto To 010.cmwa A. 

ApKd vc UJto&:i�ouµc on yta orro1a6�rrotc x., x, Eil 
l<Y,(l>f:1 f(xl) f(x:). npuyµan: 

Av v. = \ . TOTC rrpocpavco.; f(x ) = f(;,..,). 

Av x1 <, x .. TOT£ OTO <51<icrTT)�lO [x, .x.] 11 f ucc­ 
vonoiei tu; rrpou1roOfot1.; rou Ot(t)pi]�wro<; µi:­ 
ori.; n�1iJ.;. I .roµcYu>.; urr<ipxc1 .; E (x • x ) TC­ 

34. l'\o. lhunnr<i>GtTt TO Ot<i>priµa Trt.; µto­11.; Tl­ 
µl}ie TOU Ot<Lq>OJHKOU ,.oytGµou K(ll vu oci1onc Tll 
ycroJtf.'tJ)tKl} TOU 1:pµ11w:iu. 

To 0ccopriµa trt.; �u:cn1.; nµ�; &1r1n,m:m:rm ox c.;ri.:: 
Av uiu ouvcpmon r civm: 
• m,vcx11.; OTO 11.:i.s::1ot6 OlC.tOTl'Hln ja.13] Kai 

napaycoyicn�lT) OTO U\'011>.:TO 61aonwa (a. Pl 
TOTC U1tClfY',.(€l i:vu. roui,.6.zimov. � E ( a. B) teroio. <;>OTC: 

r·, �) _ f(P> f(u) 
" B­(L 

F f;(l)�letplKC1. UUTO oriµr1h•c1 on \JltCtPXCl cva. TOU/,U­ 
Y.lITTO\'. .:. E ( a. B) rem 10. <;>OTf. ri c<pamoµiv11 rri.; 
ypa<p111.iJ.: rrapcioraori.; rn.; f OTO onpsio \.f(.;. f(�l) 
vu civm rrapci).).T)i.11 TT); rnflcia.; ,\B. 

y 

Lrrc10� ro ; eivm soorrapixo cnucio mu Li. 
10x11e1 f'(�l = O. omrrs, ).61w n1<; (I). civrn: 

f(\. l = f(x_) 

A,· ,_ < x1• tore ouoioi; arroi5E1Kvticw.1 611: 

f(x1) = f'(x.) 
�E 0i.s::.; i.omo,· n.; m:pmrNcrt1,; sivm: 

3t: r 

'Ecrei ouo auvapTl}Gt� f, g optGµl:vt.; Gt tva oux­ 
GTTUtU �. Av: 

01 f, g civm GU\'C­f.tl<; OTO� KUI 

f '(x) = g'(x) yw KiiOt tGw­rr.p1K6 GT)�11:(o x 
TOU \ 

TOTC mropzct GTUOtpa c TCTOl(l., W(JTC "(l(l KU0t "E ,\ 

f'(x) == g(x) + c 

H ouvnprnou f ­ g civui (j\)\IC;(ti.:; OTO !:!. KW 'YIU 
Ka0t cororsptxo onusio '( Ell lOX,Ut:l: 

(f­ g l'(x) = f (x)­ g·(,) = 0 

0 (l e­ 

' 

35. 0 <;>I 1u1 

'Eorto uiu ITTJVIIJ>T'lGTI f optGJlf.\"l Gt i:va 6uiGTTt­ 
µa .l. A,·: 

T) f Cl V(H Gl>Vt)'.11� GTO � KUl 



Enousvo»; ri O'UVO.PtT)OTI f ­ g eivm <Yta0cpri ow !:.. 
Apa um:ipxei <Yta0epci c rsrour, ro<Yte yta K6:0e x E 11 
Va lOXl>€l: 

f'(x) ­ g(x) = c, ozors f'(x) = g(x) + c 
I:zo,., 1) 

Ta Mo n:po11youµeva 0ecopriµata 1axuouv cs 016:­ 
ornuc Km OXl cs £VCOOT1 OlaOtT)µ6:,wv. 

37. Op6rncn1 (;t<, r11� UlTI 'I .;'l 
Av "{l(l µta G'UVClP111Gfl f lCJXl>El o­n: 

f'(x) = f(x) yia Ka0e x eR 
TOTt f(x) = ce' y1a K6.0t xER. 
AVTi TOU R µnopoi>µE vu ey_ouµE wxaio 61«G11l­ 
µa A. 

38. (­)1.<up11µa 
'E<JTro µw <J1Jvap111<Jf1 f, ri <»roia eivm ITTJvEXiti; 
GE tva otaGTllµa A. 
• Av f'(x) > 0 GE Ka9E EG(J)TEplKO <JflµtlO x TO'l) 

A, TOTE Tl f stvm 'Y"ll<Jl(l)'.; (l�O'l)G(l es 01..0 TO A. 
• Av f'(x) < 0 GE KU9E EG(l)'tEplKO <JflµtlO x TO'l) 

A, TOTE Tl f E\Vat 'Y"ll<Jl(l)'.; q,9iVOl)(J(l GE OM> TO .i. 

A, OuEl:c 

NtOOCllCVOOUµe TO 0eropl]µa OTT)V n:epintCOOTI 7tOU 
slvm f'(x) > 0. 
'Eorm x, .X2El1 µ.£ x, < X2· 0aa1tofa:isouµc&n: 

f'(x.) < f(xi) 
Ilpciyµa'Tl om ou:iotT)µa [x., x2] 11 f ucnvonotct 
ru; n:poi.in:o0foct,; rou 0.M.T. En:oµtvco,; un:cip­ 
xc1 SE (x.. x2) TfaOlO, C.OOT€: 

f'(<;) = f(x2) ­ f(xi) 
X2­X1 

011:0TE €::(OUµ.£: 
f(x:) ­ f'(x.) = f'(s)(x2 ­ xi) 

En:c1011 f'(�) > 0 Km x2 ­ x1 > 0. txouµe: 
f(X2) ­ f(x.) > 0 

01t6,e f'(x.) < f(x2). 

LtT)V7t:€pt11:T{l)OTI 7tOU eivm f'(x) < 0 cpya.s6µa­ 
OT€ avaA6yco.;. 

To uvricrpoeo mu nponyouusvou 0cCilp11µarn,; Ssv 
l0"',(l)€l. 11 ri).ao� av I") f sivrn yvrioiCil,; a.usouoa ( ovn­ 
<Ytoixro,; yvrioico,; ((>0ivouoa) ow !::i.. Tl n:apfryroy6.; 
Tlll; OeY eivm UlIOY.,PCCOtlKCl 0sn� ( 0.VtlO'Wl::(@; op­ 
vrim,'1'1) ow COCOTCpuc6 TOU ti. 



IT. A1aq>op1K6c; Aoy10µ6c; 
(AKp6TaTa - Irwiia Kaµm;c; - Aouµmwuc; - Kav6vtc; de L' Hospital) 

39 Ilore µta <JuvapTTJGTJ f JtE ,ul>io opt<Jµoil A 
7tClpOU<JlO:�El <JTO X0 EA 't01tlKO µi:yt<JTO Kat 1COTE 
T01tlKO E/,U)(l<J'tO; 

40. <­>n;1p11 111 Ft•1 nat 

'E<JTCll JtUJ. (JUVClf)Tll<JtJ f opt<Jµtv11 <JE tva ota<Jtl]­ 
µ<1 L\ KClt x0 tvu !;(JWTtj)lKO cr11µtio ­rou A. Av 11 f 
napou<Jta�tt TOmKO CLKj)OTUTO (JtO x0 Km dvm 
n:apayroyi<Jtµrt O'TO muu:io auTo, TOTE f'(x0) = 0. 

(2) 

E1topl­v(l)c;: 

• av x E (x, ­ o, Xu), rote, A.6yro Tile; (I). ea civet: 

f(x) ­ f(x0) 
� 0 

X­Xu 

onorc Oa tx.ouµc: 

I. 
f(x) f(x0) > 0 f'(x0) 1m _ 

,­,,, X­X0 

uv xE(x11,X(1 Io), t6t1:,11.6yo>tl]c;(l),Oa&ivat: 
f(x) f(x0) :5 0 x­x0 

onorc Oa txou�te: 

l"(x0) lim f(x) f(xu) :5 0 (3) 
....... :-.,: X - X0 

T01tl!CO µ{;ytCJTO, D7tCt.j)X,EI o > 0 TetOIO, roore: 

(x, ­ 0, X0 + o) � tJ. Kat 

f'(x) S f(x0) yta K<iOc xE(x0 S, x0 H) (I) 

E1tcto�. emrrMov, 11 f etvoi 1ta.paywyicrtµl] oto x0, 

1crx(>c1: 

41. a) Ilmu )J;yovw.1 Kpi<Jtµa <JtJµt(a µim; eu­ 
vapTTJ(jtJ<; f es tva OUIO'TlJµ(l A; 
�) now<; etvci ot m0avt<; 0fottc; ar<po'TOTO.>v µtU<; 
cruv(lpTTJ<l'll<; f (Jt tva OtU<JT11Jta A; 

�f'LANTHrH 

a) Kpiouio onuelc tT]c; f oro oLacrtrJµa ti Myovtat 
Ta sotorspucn onustc TOD ti. ow ozolc 11 f Scv nnpu­ 
ywyisETat l) lj 1tapaywy6c; TT]<; sivci ion us to �tl]MV. 
P) 01 mOavtc; Ofoi.;tc; TWV ronucorv mcponrnov �uac; 
ouvcpmonq f cs tva l5tucrnwa ti. sivm: 
1. Ta EO"Wt€plKC1 onueic TOD D. ere oxolo ll rrcxpa­ 

ywyo<; r11c; f �lljoi.::visetat. 
2. Ta ccrrotcp1Ka crlJ�tcia rou ti. crta 01toia 11 f oEV 

rrapayroyisctat. 

'Eroi cm6 r«; (2) Kat (3) {:x.onw: f'(x0) 0. 

H a1t601>t�lJ yin tOmK6 eMx1010 sivm nvaloy11. 

x 

Ac; vrro9foouµc on 11 r 
rrap0Dcrt6:l;E1 cro x, to­ 
mK6 µ{;y1cno. Errcto11 
to x<, sivct eccrrspuco 
o nuslo tOD ti. Kat lJ f 
ltClpO'l.lO"tasi.::1 OE curo 

J\(LAJJTH�H 

a) Mia cruv<iptrim1 C uc ncoio opicuon A. Oa Mµc 
on 7tO.poucn<iseL CJtO Xo EA T01tlKO �LCYtCJtO. oruv 
um:xpxct o > 0 rsroio, rocrc: 

f(x)::;f(x0) yta.K<i8c xEAn(x0­o,x0+8) 

To Xo My�:tm Ocm1 11 onueto ronucou �u;yiotou. evro 
TO f(x0) tomK6 µi'.:ytoto t11c; f. 

P) Mio ouvapn1cr11 f ue ncoio opiouou A. ea Mµc 
{)''Cl rrnpoumf1set (HO Xo EA tOmK6 CACLX,LO"TO, orov 
U1tClp)(Cl o > 0 tetOIO, omte: 

f(x) > f(x0) yta K<i()e xEAn(x<,­o. x0+0) 
To Xo Myctat 0{;0"11 ti onueto 't07tlKO'U 1:),aximou. svrb 
ro f(xo) T01t1K6 C/,<l)(t<Jt() r11c; f. 

'/OJI I 

Av µL<x <T\IV<lf'tllO"ll f 1tapoumnscL µ{;y1crto, rote cu­ 
t6 Oc civm to �tsya11.utepo a1t6 ta tOmKa µtytcrta, 
f.V(i) UV ltClj)Ollm<lsEt BA<l)(lO"tO, tore auto Oa stvor to 
µtKp<>tr.po r.m6 ta tOmK6: €ACLX,Lcrta. To �tcya.Mtcpo 
6�1wc; a.1t6 ta tomKn µ{;y1ata µ10.c; cruvapTI1cr11c; Sev 
ClVO.L 7tC(VtOTC µcytcrto (l\)t�c;. E1tim1c; to uucporepo 
cno ta tOmKCt cMx.1ata µw.c; cruv6.p·n1cr11c; oEv elvrn 
ltO:VTOTC e),UX,LOTO tll<; cruvaptllcrll(;. 



3. Ta <lKpa 1:0V !!,. (av ClVllKOVV CHO 1Ce0t0 opiouou 
n1i; ovvc'tp111m1i;). 

42. Tiro,; ppicsKouµe Ta 01,tK« aKpOTUTa µtai; eo­ 
vtzoui; (J\)V!ll)Tfl(Hl,; f 0€ tva KJ.£l<JTO 0Ul<JT1JµU; 

AnANTHl:H 

Fin ·n1v eupeOlJ rou µtytowv Kat eA.ax1oi:ov Tl]i; cu­ 
vcip111a11i; f CT€ svo Kl­€tCTt6 OtciCTtl']µa €pyas6µMT€ 
roi; c�iJi;: 
1. Bpioxouue TU Kp(otµa cniµeia Tl]<; f. 
2. Yrco11,oyi�ovµe ni; nµei; 111.; f ore onuslc auta 

Kat CTTCl C!KpCl 'tWV OlfJO'tT]µUTffiV. 
3. Arr6 aui:tc; nc; nµec; 11 �1eyaAi'.>1:eplJ stvct TO µeyt­ 

mo Kat 11 �uKp6tepri TO c),a.xtm:o tl]<; f. 

43. 0twp1um 
'Eeroi µta <TllVUPTIJ<Jfl f 1tapayroyi<nµri ot �·a 016­ 
0Ttiµa ( a, P), us t;aiptori ioco,; i:va Gf1 usio TOU 
X0, OTO 07t0l0 oµco,; fl f tlV(ll O'IJVt:(lJ<;, 
i) Av f'(x) > 0 <T'TO (a, x0) Km f'(x) < 0 ero 
(x0, P), TOTE TO f(x0) dv<n TOmK6 µtyloTO TIJ<; f. 
ii) Av fl f '(x) O\UTIJpti 1tp6GflµO <JTo: 

(a, x0)U(x0, fl) 
TOTt TO f(x0) otv stvm TOmKo aKp6TaTo KUl fl f 
stvci 'YVfl<Jt(l),; µoVO'tOVfl O'tO ( a, fl). 

Anol>EJ:H 

i) Em,to� f '(x) > 0 y1a KCt0e x E ( a, Xo) KCll 11 f 
sivut c:ruvexric; ow x0 , 11 f el.vat ')'Vl']Otro<; au�oucm 
CT'tO (a, Xol 'Eroi exouµe: 

f(x)Sf(x0) ywKci0e xE(a,x0] (I) 
Em,10� f" (x) < 0 yta Ka0e x E (x,; 13) Km 11 f slvcr 
ouvexiJi; o ro x0, r1 f eivrn yv11oiroc; cp0ivouoa cro 
[x0, J3). 'Erot txouµe: 

f'(x) S f(x0) y1a Kci0e x E [x0, 13) (2) 

y � ..,.;... y 

I+ 
r�'' f'>O 

f("9) r 
I � 

0 a x. � x 0 ll x. � x 

Erroµtvwi;, ),6yro «ov (I) Km (2), 1oxoet: 
f(x)Sf(x0) ytaK<i8e xE(a.13) 

7t0U (jf]µUiVCl OTl TO f(X0) sivm �lC"{lOTO TI]i; f OTO 
(a. 13) Km apa romK6 �teytoto au�i;. 

ii) 'Eorco on: 
f''(x) > 0 yta Kci0e xE(a. x0)U(�, 13) 

y y 

m �; 
f'> f i 

T 1 ; 

0 0 "• � x 0 <). "" p x 

E;u:ili� 11 f eivci cruvaxrii; OTO x0 ea sivm yv11oicoc; 
au�oooa oe Ka0eva cno tu OtClOTT)µatu ( a, Xo] KCll 
[x,; �). Enopevcx; yta x1 < x0 < x2 tox6et: 

f(x ) < f(x0) < f(x.) 
Apa TO f (x0) O&V sivci tOmK6 cxpoturo Tl]c; f. 
T wpa 9a arrooei.;ouµe on 1'J f sivci ')'Vl']oiroc; ai'.>�ou­ 
cc ow ( a. 13). 
TipayµaTt scree: 

X1,x1E(a,B) us x1<x2 

• Av xi. Xz E (a, Xo], mrnto� T] f sivm yv11aiu>c; 
aD�ouoa oro (a. x0], ea ta'X)Jet f'(x.) < I'(x.). 

• Av X1 , X2 E [x0, P), erceto� T] f civet yvqcriwc; 
ai'.>{ovoa oro [x,, P), 0a 1oxoet f'(x.) < f(x2). 

• Te,,oc;, av x I < Xo < X2' tora 6rcwi; doaµe: 
f'(x.) < f'(x.) < f(x1) 

Ercoµevwc; ce OA.C� ni; rcspmtcooeti; 1oxuc1: 
f'(x.) < f(x2) 

onorc 11 f sivcr yVT]oiro.; ai'.>�ouaa oro ( a, 13 ). 

Ouoio»; av f '(x) < 0 yia Kci0e xE(a, x0)U(x0, p). 

44. Ilo'tt µta <Tt)v«pTIJ<rfl f ),fytTnt Kl)P'tlJ Km 
1t6n KOlA.fl ee i:vn ou�«JTTjµn <'.\; 

�nANTHl:.!:J 

• H cruvcipTl]CTl] f A.eytTCll KUp,11 iJ on CTTpC(J)tl Ta 
KoiAa rcpoi; ta avw oe tva Ota.a'tl]µa !!,. 6wv ei­ 
vm cruvcxiJc; aw 11 KaL 1'] f · eivat yv11criwc; aD­ 
�ouoa oto cao:neptK6 Tou !!,., 



H ouvcpmon f t,cyimu KOV,1'] � on crtpiq>et ta 
KoD.a 1tpo.; ru K6:rw oro 6. av eivoi cruvexri.; oro 
!::,. Kat 11 f" Eivm yvriafoi.; <p0ivouoa oro eotorepr­ 
K6 WU 6. 

4r Na 0t(lTt)1r(l)(7f:Tl: TO 0ewp11µa xou (lq>Opa Ta 
Koil(l Km To rrp6011 µo TTJ<; <icim:p11c; rr«p«ywyou 
TTJ<; f. 

Iax1>El TO rcapm.:cm1) eeci)pl']µa: 
'Eorro juo mJV<lf)TT]O'l'] f ouvex11.; O'E eve DICtCTTTJµa 1::,. 
Kat ODO <pepc,; 1tapayu>yimw1 ITT() EO'(t)tEj)IKO rou 1. 

Av f" '(x) > 0 y,a KetOe sororcpuco onueio x mu 
6, n>n; ll f eivci Kl>flT� oro t!. 

• Av f"(x) < 0 y1a ...­6.0c cowrr.p1i,;6 onueio x rou 
!:!.. rors ri f sivm KoiAll oro !::,.. 

·6 non; TO GTJ�ttio A(x0, f(x0)) At'­(ETQL OTJµt:io 
KllJl7rll<; TTJ<; ypaq>tKll<; 1l'(lj)QGT(UJIJ,; TTJ<; f: 

To m1�1cio A(\,. f(x,.J) OVO�Hl.'.;l:tat onucio t,;(l�tmi.; 
tq<; ypn<p1...­1i; 1tup<iaracrq.; r11.; f ornv; 

• 11 fcivm Kl>flTli O'tO («, x0) l\'W l\'OV.ll oro (x�. Pl. 
� (lVtlO'tf)()(p<tl.;, KUl 

• 'l C, t':xcl Cq>CtlttO�lEVI] CTTO onuclo A( '­o. f(.Xo)). 

•11 11 

Ornv to A(x0• f(x0)) civrn onucro KU�tmi.; rri.; C . 
tOtC I.C�IC on 1'] f rrapouma.:;r.1 O'TO ·'o Kfl�tmi Kat TO 

Xu AZyetUI 01:ml O'lµCIOI> Kll�11tTJ<;. 

­ ­ now 0t<UpTJµU ClCj)OpU TU <JTJµtia KUµm).; 
µtttc; auvapn1011c; f nou civrn Mo q>opi.; rrupuyw­ 
yia1µ11; 

l'lCl ru cnusic Ketµn�.; m;cuc1 to enousvo fletupqµa: 
Av to A(x0• f(:­.,,)) eivrn onusto KUµ1t1'].; ti]<; ypaq>t­ 
Kri.; 1tapacrtet01']<; ti].; f xm I] f civm bt>O q>opc.; nopu­ 
'{W'{latpl]. tore f"(x,,) = 0. 

4&. 1101£.; tivm 01 m0a\'tc; Ofottc; <J1Jµti<ov Ka­ 
µm\<; µ.tm; <tUVUj)TTJOll<; f <JC {;\'(l ()tll<7TIJµ.O. ,i; 

Or m0avt.; ecm:1.; onueuov K0.µ1t�i; �ua.; cruvetpt11­ 
m1,; foe t\•a o,ucrtl]µa l:'J. eivm: 
i) Ta C<J(OtEptKCt OT]µEia tOU 6 ore oxolc ll f" µ1']­ 
ocvii;,ctm. 
ii) Tu rncoreptK<i onueic tou a ctn onoia of.v unap­ 
x.ci 11 r ", 

\ti:Oooo 

'Eorco µta mivetpTl]O'll f Of)ICT�l€VT] O'C iv« OICl<'ftliµa 
(a, P) Kat X.iE(a. P). Av: 
• 'l f " a)).a�CI rrpocrriµo CKO.tCpu,Of.V tOU x, Kett 
• opi�ew1 Eq>arrroµtvl] t11.; C1 cro A(x0, f(x11)) 

tore to A( x.,. f(x11)) civrn ouueio KCt�tmi.; Tl); C1• 

. ­ non: Aiµt OTl 'l cuOda \'. ­ Xo civm K(1T(l­ 
K6puqn1 c.ur(1µrrn•>TIJ TTJ<; C,; 

11 cuOdct x ­ x.. )J:yetetl 11:CltUK()()lJ(pll ac;u�l1tt(1)t1l 
ti].; ypuqm.1i.; rrupucrram1.; r11.; r. av CWJ. tou,.axtcrtO\' 
urr{i ru c1p1u lim l'(x]. 11111 t'(x) civet I oc 11 ­�. 

\ . ,lj \ ... , u 

­ ­ note Aiµ& OTt 'l tuOtio. y = Q tlV(H opt�O­ 
vnu UO'l)µ1l'Tl0TTJ TTJ<; ypUCj)ll<t}<; 1tllj)a<tT(l<1ll<; TII<; f 
<JTO +oo (U\ITl<tTOl;(W:, <JTO ­oo); 

H w0cia y c ).tyctett op1s6vna acruµITTClltll Tl]� 
ypaq>tK�.; rrapcioraol].; ti].; f crto ..i..oo ( avncrroixro� 
oro ­x). owv lim f(x) = � {avttotoixw.; 6rav ' . ... lim f(x) ­ (). 
'. ' 

non: 11 tu0eiu } = AX + IJ Hyu<u ll(Jl)­ 
µmroTTJ TTJ.; ypuq>tKT}c; 1tapamaa11c; Tl]<; f cno +oc 
(U\ITl<tTOi,:ro.; (JTO ­cc); 

t\_rl_.,_ •• ­ 

H eu0cia )' }.X + p Mystat ac;uµ1tt(Ot1'] 111i; ypa­ 
q>11,.­i'j.; rrapacrrncn,� ti],; f om t­co ( avncrtoixw,; mo 
­::c).av Jim lf(x)­().x P)l=O {avtmtoixro� 

\,­+"\. 

av .J�mjf(x)­().x­P)J=O). 



AnA1:THIH 

52. Mt trottr; uxtGt1r; (TU7t0l)<;) f}piuKOl)Jlt nr; 
au­uµITTronr; Til<; µopq>1)r; y = Ax + f}; 

53 Na Ol0Tll7tffimm: T01><; Kavovcr; de L' Hospi­ 
tal. 

X0ERU (­oo, +oo} 

lim I'(x) 0, limg(x) = 0 
,­Xe: ,c,­\,. 

1 O<; K(lVOVU', 

Av 1crx(>c1: 

lim f(x) = lim_!J_x2 
, ­ gtx) ,_, g (x) 

Kat U7t0.p)'.et to: 

lun r_ ( x) ( n:en:epa0µtvo 11 fompo) ,­,.g (x) 

16n:: 
avttcrtoix<uc;: 

,�m"'f�) ­),ER KUt }imJf(x) h]­0E:':: 

Icrxutt to m:xpO.KClt(O 0ewpriµa: 

II euOciu y ­ h + p stvoi ucru urtrorm n1c; vpnqn­ 
Ki]c; no.pacno.crric; 'tl'JS f GtO +oo, avncnOiXC!.lS CHO 
­::io, av Kat µ6vo av: 

,Ii�/�) =)..ER Ko.t }imJf(x)­h]=PE� 

K<ll U1tUPXf;L to: 

I. 
f{x) . . , ) im • ·­ (mmepacrµcvo 11 a1tetpo ,­,"g (x) 

2or; Kuvovar; 
Av 1crxi'.>c1: 

limf'(xj=s+cc, limg(x) +:xi 
\­:<,,(I \­\,1 

=1. 1i.w 
c) O, naparrav(t) mnot cnorcoov 1tpoaox11 Ka­cc1 'tTJ" 
t:(j)apµoy� roix; Na cru�ri111eouv cruv ta�11 01 ).crrto­ 
11epe1c:;. 
�) fat:; mro0fow; sivci anapai­r11,o va cruµrr),11pro­ 
001>�L1> rnv g · ( x) f. 0 cs µta 1tep1oxi] mu x0 , us 
s�uipccn1 icrw� to x0• 

y) Ot ciUsc; arcpo0016p1ow; µop<j>£<; vu cn1�111TJ0011v 
ornv ta�ri uc 10v Kcx8riy1iri] oa­;. 

I• 
f'(x) 

1. 
f" (x) ,m­­= 1111­.­ , ­ , .. g(x) , .,, g (x) 

rots: 

Xpi'1a111u a;,:.olut 

a) Anoocucvuenn on: 

• Ot rro11.vwvu,uKtc; covcpmos«; BaB,wu µcya,'1'.>­ 
rspou l] LO"OU 'tOU 2 OCV €XOUV O.<l'Uµntrotei;. 

• Ot pri1ci; cruvuptiJcrei,; ��:�, us Pa0µ6 rou o.p18­ 

µrir11 Ptx) µeyo.),urcpo 10u11,ax_1mov Kmet Mo rou 
Pa0µou tOU zcpovounorn, Scv cxouv 1t1>.ay1ci; 
acru µm:rotec;. 

fl) 1uµ<pwvu ,1e tOUS 1tapamivw opiououc, nou­ 
Jl1tt(t)t£:; t1lS ypU(j)UCl]S 1tetpU0t<101l<, ,nae; ()1)V0ptl'J­ 
<l'l1S f avat;riwuµc: 

L'f(1 OKpa tWV 01a.cm11uicwv 101) m;8iou opiouou 
111c; <HO. onoiu 11 f Ssv opis1>10t. 

• 1ta cnucic 10u rre8iou opicuou rrii; ere onotc 11 
f Sev eivct cruvex11i;. 

• LtO +oc Kat ­oo, ceocov 11 ouvcprnon civci 
ooiouevn os 81acrniµa TTJS µop<piJ:; ( a. ­l­cc ). cvn­ 
crrnix@; (­::io, a). 



Z. O>.oKAflpWTtK6c >.oy1ou6<; 

r­ 4 Tt ovoµ{1�ouJtf. llPXlKti 1nac; auvapT11a11c; fat 
tvu 01{10­Tqµu A; 

AnA ­,·­ · 

',6. N<L o<i>o­r.Tc rov 01Hcr110 ­rou op1cr11f.vou olo­ 
KAf1p<o1u1Toc; 1ua,; <fl)Vf.XOll<; cruv{1pTfl<J1lc; r <Jf. {:vu 
KAflOTO OIU<JTflJICL [n, Pl· 

Ar ,iH H 

y 

UJtO.j)XCl CfTO a Kat civm ClVE/;fl.f)tllTO <UIO 'tl)V f,1C1/,0· 
:'� t(OV CVOUiµccrwv CJlWClWV �' . 
To mlpunuv<n opio ovoµa�EtClt opiousvo 01>.oK),i]­ 
ponro Tlls cruvi::xot><; OUVUj)tllCTl)<; f QJtO to U CTTO �­ 

x 
ll 0 

I,q crnvi'.:xr.ul r.mMyoupe au0aipcw eve: 

/;,e[x, ,x,J "(l0,l\:(.(0C KE:(J.2 ....• V) 

Kat CJ;.(ll�IUTisOUµC TO 6.8potcr�w: 

S,. f(�1)L\x + f(�2)6x + ... + 
_,_ f(l;.)6x + .. + re .;_.)llx 

,:0 onoio CTUJtffo)JsCTa.t ouvrouu w,; E�1i,;: 

S,.= ff(()().x 
' I 

To 6pw mu aEJpoicrµaw,; S,. 5ri,,ni>i] ro: 

lim ( f f(l;J().x) 
v '­I "X. K I 

'Ecr«i pt<l mJVClpt11m1 f CT\)Vl:x1i,; CTTO r a. n1. Mc to 
CJlWCIU U X., < XI <, X) <' •... <, X,. n X(t)f)ISOU· 
uc to 6uianwu r u, f\l m: v t<10µ1']K1] U1COOl(t(itl']�t(L­ 

P ­ a 
ta JlllKOl>C t\x = ­ V ­ . 

Ap,:110'] cruv<'.LpT11cn1 11 ncpnvouon n1.; r CTTO (). ovo­ 
�lfl.�Ol>�lF. K6.tle ouvcprnon F xou crvcn mxpayc,,yim­ 
�lll am (). KW ICT)'.,llf.l: 

F"(x) f'(x) YIU i..:u.Ot: xE(). 

oxorc: 

• KafJc ouvcprnon ­r11; JlOj)lpij.;: 

G(x) = F(x) + C, 0Jt01) cElR 

sivm JllCl ltapayOUCJU Tll<; f OTO().. Wj)OU: 

G'(x) = (F(x) + c)· = F'(x) f(x) 

,u:x KlifJe x c 6 
'Eon» G µ1.a (XI.Id] napa,oucra. Tl),; f oro 6. T ore 
'{lU Kcx(h: XE ,A,. ICTXl)OllV Ol crxfoe1,;: 

F'(x) f'(x) i..:at G'(x) = f'(x) 

G'(x) = F'(x) yta 1<6.8c xE6 

Apa 1m<ipxe1 crta0ep6. c tsroto, toorc: 

G(x) = F(x) + c y1a K6.tlc x Ell 

Ann, ·I i 

c; c; {· 'ljlllfli 

'Eo­T<o f JHU o­uv(xpntO'll optaµtv11 <JC iv« 6u'.tan1­ 
11c.ti.\. Av F i:ivu1111u m1p(1youou n1c; f <JTO \, TOTf.: 

'Otte; 01 O'UVUf}Tll<Jl:1,; Tfl<; µOp<j>tl,;: 
G(:\.) = F(x) + c, celR 

t;(vm rrup6yO\lO'E<; Tll<; f O'TO A. 
• KnOc a)J..11 nc1.p<ryou<1u G ·n1c; f <JTO A rruip­ 

ve1 Tll µopq>11: 
G(x)=F(x)+c, c e R 



crnµpo),j�f.'Wl �If. f. µ f( X) dx Km otaP<i�et(ll «0),0- 

Kl,TJP(!)µa n1.; f crn6 ro a (HOP>>. 611),aorr 

.C f(x)dx = v�r;n..(t1f(�.)£1x) 

5 7 �a 'YP<llJIETt tti; tOtOTrJTf:l; rou opieuevou oj..o­ 

K11.1wwµatoi;. 

ArANTHr>i 

l<Y"f.Uf.t on: 

f (x) = (.C f(t)dt )' = f(x) yta KaOr. x E 6. 

!..zoi.w 
a) ff.\'lKOTf.J)O. ezouµc TO c�iJ,; Otoip1u1a: 
A\' f sivoi µta ITTJ\'Czil.; ouvcprnon cs eva otacrtqµa 
t\ l\:Ctl Ct ei\'CLI e\'Ct cnusro IOU�. TOH; TJ O"UVOpTllCJl): 

Ft:x) = ('f(t)dt. xEll 

u: �·" f(t)dt)' = f(g(x)) · g'(x) 

�le rnv rrpoun60zcrri on re yp11cnµonotouµcva ouu­ 
fJo>.a qouv vonuo. 

IJ) A1t6 TO rrapaml\"CJ) Elcwp1wa i..:at TO (h:c,>pqµa 
11:apayroy1cr11,; <JUv0cr11.; ouvcprncn.; npoxunret on: 

f(.\ I yta i..:{t0f. x E � CC n,)dt l 

5"'J ( 
'Eerto f µta cruvtxq<; <ruv<ipn1m1 <:n: ha 6ui<rniµa 
la, JJI. Av 'l G dvat ina 1rapayouoa ­r11<; f mo 
la, !JI, TOTE: 

f f(t)dt = G(P) ­ G(a) 
• u 

• Av f'(x) 2: 0 yta KaElc xE[o.. �}. tors: 
·f\ J,, f(x)dx 2: 0 

J}) 'Eorto f, g crnvzxei.; ouvcpmcet; oro [ a. �} Km 
A, µ E �­ Tors tcrxuouv: r tJ"(x)dX = ).j·P I'(xj dx 

• Q •l 

• 
[1[ 

f(x) � g (x) [dx = f' f(x)dx + .( gtxjdx 

Km yf.vtKa: 

• j�p[t,r(x) + �!g(x)]<lx ­ 

a) lCi",.c(>et 611: 
}·II ;·n • 

0 
f(x)dx = ­. :i f(x)dx 

• (" f(x)dx = 0 . " 

}·11 ;·11 
­ ,, " f(x)dx + �l." gtxjdx 

y) Av 11 ouvcprnon f sivci m>vcxiJ..; CTF, &ta<JtT}�ICt 6. 
Km a,�, yE6, rorc tcrx(>c1: 

t' f(x)dx = {
1 
f(x)dx +.(' f(x)dx 

6) 'Ectco f juc cruvzxiJ,; ouvcprnon ce iv« ouicrt11­ 
�ta [ c, PJ. Av f'(x) 2: 0 yta K6.0e x E [ u, �] xm 11 
cruv6.pT1)0"11 f OeV sivor 1tavrou µqStv O"TO ouicrt11µa 
ouro, rote: r f(x)dx > 0 

• n 

i;s Na YPCl\Jlf:Tt T11'' 1tapayroyo Tfl� cruvcipT11­ 
cs11; F(x) = J.' f(t)dt, x EA, 61rou f tivm euvs­ 

x11s; ('flJV<ipt11a11 ero 016a,11µa i. 

ruµq>cova µe yvwcrt6 ecwp11µa I) ouvcprnon: 

F(x) = [' f(t)dt 
• 0 

srvrn utu napayouaa tll<; f O"TO [ a. H ErrctoiJ Kat 11 
G sivor µ1a napayoucra t11; f mo la. PJ, Ela umipxc1 
c E?. rsroro, tocrs: 

Gtx) = F(.\) � c (]) 

Ano rnv ( I ) yta ."\ a ezouµe: 

G101 = F(etl ­ c = j" I'(tj dt I c 
u 

onorc c = G(a) . 

ErroµfrN,;: 
Glx) = F(x) + Gto) 

onors yta x = p t",<,ouµt: 

j·P G(�) = F(�) + Gtu) = 
0 

f(t)dt � Gtn) 



Kut <ipa: 
·11 

), f(t)dt = G(Pl ­ G(a) 

60. l\o. )'f)(l\jlt'Tt TOU,; T\l1tOV,; TJJ,; 1tnpayovnKT),; 
O/­..OK>­itpm011.; K(ll TI]<; (lV'tlK(lT(l(JT(l<Jt],; yia TO opi­ 
aµi:vo OA.OKl.l]j)Wµtt. 

y 

A 1 <I\ITHIH 

0.) l<JXl>El (Ht: 

.( f(x)g'(x)dx = [r(x)g(x)]� ­ t1 
f'(x)g(x)dx 

onoo f", g civet O"Uvcxcic; ouvcprncsu; oro f u. 0]. 
�) J0x1>Et on: 

. t f(g(x)) g'(x)dx }�" f(u)du 

Eaouevo»; txouµc: 

F. (!1) ­ r (ff) � f_( f(x)+ c )dx f,f'g (x) I c )dx ­ 

= J.'1[(f(x) I c)­(g(xH c)Jdx=/.(f(x)­g(x))dx 

Apa E(Q) = f«\f'(x)­ g(x))dx . 

. ' ­11 / (f(x)­ g(x))dx = j l­g(x))dx ­ 
• l\ � II 

= ­/·� g(x)dx 
. " 

Ancsr �• 

E1rc10� o a!;ovu:; x · x Eivm ri ypa<ptKf] 1tap6.crraori 
n1:; OU\'Up,11m1:; f'(x) o. i':xm>�Le: 

P) To i::µpno6v tot> xwpiou .n 1tOU 1ttp1K/...ClCt0.l (1'11:() 

TO\/ a�ovr1 X • X, rn 'f PCl.<plKli napacrta<Jl] �tto.,; ouvcp­ 
n1crri.; g, ue g(x) :5 0 yta 1<a8t x Ela,�], Kat n,; 
i.:uOi:ii;c; x a Km x P eivm ioo ue: 

­r, 
E(Q) = ­J g(x)dx 

« 

a . . 
L n v 

­­�g(x) 

y 
0 

·11 
l·.(D) = ­ /. g(x)dx 

a) Orov q 61(l(popa l'(x) ­ g(x) fo:v 01a,qp,;i ore­ 
ecp6 npocnuo <JTO [ a. [l]. TOTS TO q1fk106v tOU 
x(!)p[ou Q nou m:p1KACicw1 ono tu; ypn<p1Ki:c; 1ro.pa­ 
orccc«; rurv 1: g Kat r«; i.:uOr.ic,; x (l KC(l x = p 
eivci ioo ue: 

E(Q) = r f(x)­ g(x) dx 
Cl 

E1toµtvw:; av y10. �tta 
cruvapn1cr11 g 1crxut1: 

g(x) :5 0 
yw Kci0t x q a. p J 

n'm­:: 

onou f, g elver m,vqcic; ouvcpniosrc, u g(x). 
du ­ g(xjdx Kat u, = gto), u" = g(p). 

�) E1rc1oi'1 or m>vapn10e1,; f g sivci cruvcxcic; oro 
[u, [3]. Sa Un:<LPXfl np10�t6c; c E] rsroioc, (J)<JtC: 

f(x) + c 2: g( x) + c 2: 0 ym KciGc x E [ «, p J 
Eivm ocvcco on to xwpio n �:Xf.l TO [ow q1paoov 
ue ro xcopio ff. 

AllANrtn. t 

a) Av �na c,uvuprq<:H] f sivrn cruvcx�.; <JC evu 016.­ 
cnuro [a.�] Km f (x) 2: 0 ym K6.0t xE[a. P]. 
H)Tt TO qtPaoov rou xwpiou Q 7[0U opi/;ttat enc Tl] 

Yf)U<ptK1) 1tapacrramJ tl}; t: 11,; cu8dc,; x a. x = p 
KCH TO\/ C1/;0VU xx t(vm: 

E(Q) ­ (' f'(xj dx . ,, 

61 a) Na )'fHl\jltTt TOV n>rro 1t0U OlVtl TO tµ�a­ 
OOV TO\) xwpiou Q 1tOU opi�f.T(Ll Cl7t0 Tl] ypO<j>lKlJ 
m1pci<JT<tGtJ TTJ<; I, w; tuOdt,; x = ,1. x = � KUt 
TOV(l�OV(lx'x,owv f(x)2:0 "fl<lKUOr. xEl11,�f 
Km TJ m>Vllf)TTJO'll f tivm <J\JVt)'.lJS· 

P) Na a1tooti:;tTt on av yw n.; miw:xi:i,; ouvcp­ 
Tt1Gtt,; f, g sivrn f'(x) 2: g(x) ytn K<ilh: x Ela, PI­ 
TOTt TO tµ�ao6v TO\> xcopiou Q 1t0\) 1ttj)lK) .. stsrm 
ano n,; "ff)O(j>tKt,; ,rnpuoTUGtt,; T<Ov f, g Kat rn; 
tuOtir.,; x = a, , = � oivtTm urr6 TOV Timo: 

• p 
F.(Q) = }., ( [(x) ­ g(x) )d\ 



:: · , 2. H 9Ewpia ouyKEVTPWTlKO- ---- 

A. 01 opropoi ���� ���� 
�Tt/V 1mpo.ypo.rpo o.vn't Mvovw.1 6}01 01 Of)U7f10i TW/J unopot» va (r,r110m,v atu; e.;cro.ar::1.; o»; mr:or::prvrr11ff1. mo 
(-)EMA A. Tu; anavtnoeu; Oa ttc /Jpr:irF: IJ ma F:1T:1Jtipo/Jc; F:pcor17para r11c; avoJ.1mK!Jc; Oervpfoc; <nJJI' apz11 r11.; 
evotntoc w>r!Jc; IJ mo r,xoAtK<J aac /J1/f).io. H rmy1a:vrpwrtK17 /top<ptJ xou :rapo/Jmit.(01>Jif: moxF:6t:1 extoc; WJV 
wJ.cvv mo va <Jrixm r11 onvoxomta yta dqzo Kw rn1,.hn:p11 F:K/1Mh7011 rwv opuuui», xrvpic; tnv o,r:r1K17 /1017­ 
Oeia !OIJ r,xoAtKm> /31/Uiov IJ a.A.Aov ueaou. 

2 llors p lO. CJ1.lVUpHj0'l fA.{")'lmU )'VY]Olu)<; UU/;01)­ 

0CX Kat nots YVllOl(t)<; q,Oivoucm ce tva otacnqpa �; 

". u) ll6n: utn m>vap111m1 f w: m:8io opicuou A 
}.£�Le on 1[flf)()UCT\(l�El CHO Xo EA 0/,lKO �ll:,YtolO Kat 

min; 0/clKCl £AUXL<Jt0: 

�) 116,e �ua ouvcprnon f �te nd:>io opicuou A nc­ 
pcn>ma�r:1 (HO x0 E ,\ l07ClKCJ �u:ywrn Kat nots W­ 

1tlKO s),ax1cr10: 

4. I km; �ua ouvcprnon f uc nc8io opicuou A ),.i:ye- 
Tat "I­I": 

5. CT6rn fllCX ouvcprnon fMyewt cruvextj; <JlO on­ 
usio X1, rou 1tl.:OIOU optouou 111;: 

Q 0.) Ilors �LlfL <Jt)VCLjlTTl0ll r fvl.�yl:lat Cn>VCXll; CT£ 
svc ovoucro 8Hi011wa (o, 13) Kat rr61c 010 KJ...cto,6 
01a01rJ�U1 [ a, 13] : 

�) l lors �lla ouvaptqc:rq neyetat rrapaywyio1µ1i: 
i) CHO m:oio opiouou 111s A; 
ii) oro avo1K16 01<i01rJ�W ( a. !3) tot> rrc8iou opt­ 
0�106 tric;; 
iii) mo KA.twt{> 8tfm1Y]µa [ a. 13] rou 1te8iou opt­ 
ouou rric;; 

7 o) Na 81aru1tCOO£T£ TO eecoptiµa Bolzano. 
�) Na otarunwm;n; TO 9£wpriµa ft1:yw111,; t:M1xl­ 
on1,; n�ttj,;. 

d. Nu OlCXTU7tWOCT£ to 6£wpq�ta l:V<'>l<X�lC<J(JJV nudrv. 

9 n61£ pta Oll\'UPTfl<Jll r Hye.at napay(J)y[atµ11 
OTO 011µ£io x tot) m::oiou oorouo» 111c;; 

Av TJ ouvnprnon f sivm napaywyimp11 010 en­ 
usio x, . vn YPCtlVETF. 111v el;im1>m1 111.; e:q,a1troµcvq:; 
1ri,; C mo onusio 111; A(x<,, f(x0)). 

11. Na oH1rnmil0ETt to 0cwpqµa .ou Rolle Kat va 
faimnc 111 yew�1c1p11<� rou epunvcic. 



2 Na <)l(lTI)7[(;)(TETE to Or.(1)p1wa n1<; µccrri::; nµ11::; 
TOH Ol(l<j)OrlKOl) f.O'(lCT}lOU Km vc o{um:n: rn ycffi�u::­ 
tplKli TOU r.r�n1w:ic1.. 

a) now. t,eyoVtCLt Kptmµa OllflelU µm::; covcp­ 
tr]O'll<; roe cvo oLacrniµa .6; 
IH Iloic; sivm Ol meo.ve::; 9foeli; cxporcnov �ltCI.(; 
ouvap,11011,; roe evo OtU<Jtlj�LCI. L\; 

note �ua cn>vapr11m1 fMyr.tm Kllrt1) Kat 1t6n: 
K'Ol>­1] ('Ir. s'.:va Otc'rnniµa l\; 

TI6tc ro onucio A(x1,. J'(x0)) ,.cycrat cuucio 
l((l�tmi::; n1,; ypc1q>tKD,; 7tC1.paoracrri,; t11:; r: 

TI6rc ).t,1c on 11 cu6cia x ­ >­11 civui rntaK6­ 
pu<p11 aau,mt(J)tll ,11; c.; 

7 Dote 1,eµe on 'l eu9eio. y = � eivor opts6vna 
a.cruµ1tt(J.Jt1l tll<; ypo.<ptKI')<; 1tapacrtacr11,; 'tr}; f CTtO 

+::io (a.vncrwtxw,; crto ­::,o): 

I \. non: 11 eu9e[a. y = ).x + � ,,eye-cw o.rniµrrtrn­ 
t'l r11::; ypac:ptKD::; napacrracn1::; n1,; f rrro [ oc ( nvn­ 
crt0ixw::; <J'CO ­oo); 

I I Tr ovoµa�ou,tc O.PXlKll µta::; cruvarr11m1,; f CTF, 

iv« oiacmwo. .6; 

. l Na o<i>crern tov opiouo rou oprousvou o),o­ 
K>­11po)µaro.;: • 11 

/ f(x)dx 
. " 

yu1 µw. cruvu1n11crTJ fnou elvm cruvex�::; cro la. �J. 

B. Ta 0EwpqµaTa µE an66c1(ri 

:.n,; r.,:.r:rr'u1r:1.,· ta ;rr1.1H1.1,tin,1 01:t,1111111r1.rn ;mo;111111· 1·r1. �i1r110o111· w: r111· wrtid1:1;1i rut,,,: mo @EMA A. Tu; ano- 
&·f�·n; ro11,; Or1. rt., /lpr.irt: 1j rrr111· ap;1i tn; evoinra; wm7.:; 17 mo axoJ1MJ at«; /Ii/Ji.lo. I I m1;1"·1:,-rpwm,�; 1wp1p17 
xou irO.f)O//(T/(i;;t>11,111: moxr.li1., (:/\Tri., T(I)\' a.,lJ.(1Jl' mo ,,a rfoim:1 Tl/ ,fot'(J.r(ITI/TO. vra l.·i,.1:;ixo /((I.I h'(I.A(JTl:jll/ 1:11110.0qmJ 
f(l)I' wco&i,;t:w1·. x<opi;; Tl/I' mrm.,j /fo11fli.u1. WU (TXOAIJ<()IJ //1/li.io// ,; ff.A.AO/) w:(1()1). 
{ h ltlpll)W I« 

<1) Av P(x) u,," I a,. .x' 1 I ... I <11x I ,10 
tivm 1to1­.u<i1vu,10 tou x K0.1 x, E I:( rot»: 

lim P (x) ­ P(X0) 
� • \11 

I') A f'( ) P(x) . . , > V X C)(x) f:lVUI p1Jtll oovcpnjon. OJt()I) 

P(x), Qtx) civcu 7tOJ.\)(l)VUflCI. tOU x KW x n E:JR pc 
Q(x.,) i= 0. rote: 

I. 
P(x) P(x,,) 

1111­­=­­ ,­,,, Q(x ) Q(x.,) 

H· t'1p111111 .,o 

'Leroi fcrnw:x.1ii; m1vaprqm1 oro [c.Il]. f(a) i= I'(�) 
K111 TJ i:va:; cxp10�16,; avaµum ctu t'(c) Kut f'W). No 
<m06}:[!;1:n: on nm'.tpxi::1 x, E ( a, �) rcroro. oJmc: 

l'(x,J = 'l 

r­) ,:,p,uw 'o 

Av µta ouvnpmor] f civoi rcupaycoyimµq oro x.,. vo 
anood1;c­rc 6r1 civm KCLt cruvcx1i:; oro onucio auto. 
I0x.1Jct 10 uvtiorpoeo; 

·I. t•I •IIU •O 

/\.v 01 cruvapt11crct,; Cg civet JtC1.payu,yicr1�1e,; mo ,0, 

vu anooci!;ctc 611: 
(I' I g)'(x,,) = f'(xu) + g'(x.,) 

{­) 1,1p·1111· Ciu 

Na ano8ci1;i:tc on: 

i) (c)' 0 ii) (x}' 

iii) (x'")' v x" 1 vE I\ (0. If 

•lfllllH' 6t 

Na um>or.i�}:n: on: 

i) ( /x )' = _l_ yta. K09f. X > 0 
2 v'° x 

ii) ( )' I E<j)X ­ ­­,­ 
ouv X 

r­, '111111w 7 

Nu <moi'\cic.cic on: 
i) (a')'= a'lna. a> 0 



ii) (x")" = ax" ' yta K6.0e aE?.­Z (!1. > 0) 

iii) ( In x I)' = i yw Kli0i:; x =I= 0 

iv) (x­'')' ­ vx­' 1 yta Kci9e vEI\"' (xi= 0) 
v) (x")' = xx' ' yta K6.0c icEZ­ [O, I: 

r:•,i ;Jjlfl ur: f 
u) 'Eorto cruvap1:11cn1 f 01.>vexf].; mo ot6.orriµc1 u ue 
f'(x) = 0 yta KU0£ £OCOteptK6 onueto xE�. '­:a 
rmoOf.i�i::re on 11 f slvci ora0epTJ mo D.. 
P) 'Eorco f. g 01.>vc,:d; ouvcpmos«; om 6u'1cmiµa ­1 
ue f'(x) = gtx) y10. 1<aec cotorcpuco onueio ,��. 
Na 0.1t00£ti;e'T£ on U1tupxc1 Ot0.0ep6. c tCTOlU. (:)G.C. 

f(x)­g(x)+c ytaK6.9e xE� 

P::t;)fllfW 9, 

'Eo tco f ouvex�,; ouvcpmcn cro 016.orriµa � ue 
f" ( x ) > 0 0£ Kci6e £(J0)'TeptK6 onueio x TOU �­ :­,. a 
a1toOEiSF.tF. 6r1 rt f sivm 'f\'1Joico; a6�ouoa mo S 

(1n'.Jj 11 I lC' I 

Av I] f slvrn opicuevn OTO OUlOtl]µa D.. ;rapOIKnC1�£1 
cro eO<•>teptK6 Ol]fteio x, tot> 6 romxo cxporaro 
Km civrn 1tapaywyiotµT[ oro x.,; vu a;rooci�c,£ on 
f'(x0) 0. lcrzi>et to cvrlcrpooo: 

f­)H:)flll I t • IO 

'Eorco flla ouvap<l]Oll f 1tapayroyimµ11 0£ C\'U O!UO'Tl]­ 
µa ( a. P). µ£ e�aipecrr1 icox; svu onueio rou :>.0• mo 
01(0(0 ouo»; Tl f eivat 01.)V£XT],;. '\la a..i:o6ei�&T£ on: 

i) Av f'(x) > 0 OTO (a. Xu) KU! t'{:,.) < 0 GTO 
(x,; P). tors to f(x,.) eivci TOmK6 µs­11mo 'Tl]; f. 
ii) Av f'(x) < 0 CJtO (0.. x,,) KU! ft x ) .,., 0 GTO 

(x0, �), rorc 10 f(x0) sivut tomxo t)iqtcno TT]; f 

iii) .\v 11 f''tx) OHlTTJpd npoonuo rrto (a,x0)u(x0,p), 
rots ro ftx ) osv eivot romxo cxpororo Kat '1 f sivat 
'f\'T]oiw; uovorovn OTO (a, P). 

0u·,p1111u t.: 
EGH•) f GUvO.pTI1m1 opmµEVT] oro 01a<Jtl]�Hl b. KOi F 
ai:,zu:11 rn; f CJTO D.. Na 01t00f.l�€'Te on: 
i) 01 ouvupnios«; n1,; µopcpi1,;: 

Gtx) = Fix) + c. x Eb. 
zivtn :mru·rouac.; TIJ,; f oro D.. 
il) Ka0i: ai..i.11 1tapfryouoa G 'Tl]; f cno t,. txn <'l 
uopon: 

{·h.Uj)flµO 130 

Ev:,•J f mo GU\'£f.tJ� ouv6.p­rl]OTJ 01:0 [ a. J3] Km G 
uic apf.l ... Ti :l]; faro [a, PJ. Ka mto&ci;cte on: 

( f(t ldt = G(�)­ G(al 
• a 

0a,priµa 1­40 

a) Av 01 GU\'aptiJcm; f. g sivcr min:zci; CHO OHl­ 
r;­­;Tj!JO :a. PJ Kat f<x l 2: g(" ·rta 1'":U8£ , E [ a. p]. 
\'O O.,,OOEl�f.re On TO 1.u.(3000\' IOU z<•Jf>il1U f2 zou 
;:£v1t.:i.c1sra1 a:.6 n; C,. C. xm :1; ruec,c; , a. 
" I> 01,'"&tm a,­:6 rov :11;:o· . 

1:1m I I ftx) ­ ;;t\.) 1.1\. 

Pl .\\' l] CU\'O+J71')CTI g U\'Ol C1.l\'£.f.T]; G70 OlUCHll�IU 
[ a. J>] ..:m ;;1 '\ 1 s 0 ­�a �oec ""'= [ a. �i J. vn un:ooei­ 
�i::.& on 70 v� rou "ft. )f'IOU f} :rou rri:ptK) .. dstm 
ozo :':) C,. :D\· Cl.?)'U x x ,m n; u>ll£1,..; x a, x ­ J3 
01,1::;:m a..­:o rO\ 7\!;;o· 

80­1 (' g t x ldx 

Gtx) = Ftx) + c, cER 
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